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Some quadratic equations in the free group of rank 2 
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For a given quadratic equation with any number of unknowns in any free group 
F, with right-hand side an arbitrary element of F, an algorithm for solving the 
problem of the existence of a solution was given by Culler [8] using a surface 
method and generalizing a result of Wicks [46]. Based on different techniques, 
the problem has been studied by the authors [11, 12] for parametric families of 
quadratic equations arising from continuous maps between closed surfaces, with 
certain conjugation factors as the parameters running through the group F . In 
particular, for a one-parameter family of quadratic equations in the free group F2 
of rank 2, corresponding to maps of absolute degree 2 between closed surfaces of 
Euler characteristic 0, the problem of the existence of faithful solutions has been 
solved in terms of the value of the self-intersection index p: F2 '^[Fi] on the 
conjugation parameter. The present paper investigates the existence of faithful, or 
non-faithful, solutions of similar families of quadratic equations corresponding 
to maps of absolute degree 0. The existence results are proved by constructing 
solutions. The non-existence results are based on studying two equations in Z[7r] 
and in its quotient Q, respectively, which are derived from the original equation 
and are easier to work with, where tt is the fundamental group of the target surface, 
and Q is the quotient of the abelian group Z[7r \ {1}] by the system of relations 
g ^ —g^\ g G \ {!}• Unknown variables of the first and second derived 
equations belong to vr, Z[tt], Q, while the parameters of these equations are the 
projections of the conjugation parameter to tt and Q, respectively. In terms of these 
projections, sufficient conditions for the existence, or non-existence, of solutions of 
the quadratic equations in F2 are obtained. 

20E05, 20F99; 57M07, 55M20, 20F05 



1 Introduction 

Equations in free groups have been extensively studied for many years: see Culler [8], 
Hmelevskii [18, 19, 20], Lyndon [28, 29], Lyndon and Schupp [30, Sections 1.6 and 1.8], 
Makanin [32], Razborov [37], Steinberg [41] and Wicks [46]; see also Gon9alves 
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and Zieschang [13], Grigorchuk and Kurchanov [14], Grigorchuk, Kurchanov and 
Zieschang [15], Ol'shanskii [34], Osborne and Zieschang [36], and Zieschang [47, 48]. 

For a given quadratic equation Q{z\, . . . ,Zq) = W with any number of unknowns 
Zi , . . . , in any free group F with an arbitrary right-hand side W ^ F, the problem of 
the existence of a solution can be studied using Wicks forms (see Wicks [46], Culler [8] 
and Vdovina [42, 43, 44]) which are due to the geometric approach of Culler [8]. Special 
case of quadratic equations has been studied by the authors [11, 12, 26] for parametric 
families of quadratic equations which correpond to maps between closed surfaces, 
see (1 1). Also the notions of faithful and non-faithful solutions of such equations were 
there introduced, which correspond to the orientation-true maps and the maps which 
are not orientation-true, respectively (see Definitions 2.1(C), 3.2(a)). In particular, the 
problem of the existence of faithful solutions has been solved in [1 1, 12] in terms of the 
self-intersection index ^: F2 ^ ^[^2] , for families of quadratic equations with two 
unknowns in the free group F2 of rank 2, which correspond to maps of non- vanishing 
absolute degree (Definition 3.4) between closed surfaces of Euler characteristic 0. In 
this work, we study the existence of faithful, or non-faithful, solutions of the latter 
quadratic equations, which correspond to maps of absolute degree 0. 

Specifically, let F2 = {a,b\) be the free group of rank 2, v an element of F2, and 
-d G {1,-1}. We consider the following equations in F2 with the unknowns 11,12^^2'- 

(1) [zuZ2'\=v[a,bfv'' -VaM, 

(2) [zi,Z2] =v(«V)Vi -aV, 

(3) £izl = v{a,bfv-^ ■[a,b^, 

(4) z\zl = v{a^b^fv-'-a^b\ 

Here [a, b] = aba^^b^^ , and the conjugation factor v G is called the conjugation 
parameter of the equation. The elements v, Reia, b) ^ F2, where Re{a, b) is defined 
below, can be regarded as the coefficients of the equation, see Lyndon and Schupp [30, 
Section 1.6]. The equations (l)-(4) have the form 

(5) Q5{zi,Z2) = v{R,{a,b)fv-'-Re{aM 



where 

65(21,22) 



[21,22], = + , [a,ft], e = + , 

Re{a,b) = 

2t2|, = - , 




As in [ 1 1] , we denote by : F2 ^ {1,-1} the homomorphism with We{a) = We{b) = 
e, called the orientation character, see Definition 2.1 and Remark 3.3. Recall [12] that 
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a solution (zi,Z2) of (5) is caWed faithful if We{z\) = Weizi) = ^, and otherwise the 
solution is called non-faithful, compare Definition 2.1(C). Of course, every solution 
of (1) is faithful, since e = S = +1; every solution of (3) is non-faithful, since e = +1 
and 6 = — I. 

We use the following geometric interpretations of the equations (l)-(4). These quadratic 
equations have two unknowns in the free group F2 of rank 2. Such equations correspond 
to mappings from a compact surface of Euler characteristic — 1 having one boundary 
component to the bouquet of two circles (see Culler [8]). The right-hand sides of 
(l)-(4) have special form which arises from maps between two closed surfaces of Euler 
characteristic 0, see Section 3. A solution is faithful if and only if the corresponding 
map is orientation-true, see [1 1] or Lemma 3.1. 

Some faithful solutions of the equation (4), whose corresponding maps are self-maps of 
the Klein bottle, were listed in [12], see also Remark 2.2. The problem of the existence 
of faithful solutions of (5) with We(v) = i9 was solved by the authors in [1 1] in terms of 
the self-intersection index ;u(v) G ^[^2] of the conjugation parameter v, see Remark 2.2. 
These results are illustrated in Table 1 for special values of v. 

The goal of the present paper is to investigate the existence of faithful, or non-faithful, 
solutions of equation (4) in the remaining cases formulated in detail as follows: 

the solution is faithful and wJv) = — i?, or 

(6) 

the solution is non-faithful. 

Such solutions actually correspond to mappings of absolute degree (see Definition 3.4 
and Corollary 3.11). Our main results are given in Tables 2 and 4, for faithful solutions, 
and in Tables 3 and 5, for non-faithful solutions, of an equation (8) which is equivalent 
to (5). The results are formulated in terms of the projection v G vr of the conjugation 
parameter v G F2 to the fundamental group vr of the corresponding target surface via 

Pn- F2^7T = F2/N, N = {{Reia, b))) , 

as well as in terms of pq{V) G Q, which is the image of Vq ^ v G iV under the composition 

(7) J!U ZM ^Q = (Z[7r \ {\}])/{g + | ^ g vr \ {1}), 

where vo G f 2 is a suitable representative of v G vr in F2 , see (39) and (40), while 
V := <?/v(vo ^) G Z[vr] « N/{N,m, see (25) and (26). Here ((mi,M2, • • •)) C G and 
{u\,U2, • • .) C G denote the minimal normal subgroup and the minimal subgroup, 
respectively, containing the elements ui,U2, ■ ■ ■ ^ G of & group G. 

To establish the non-existence results given in Theorem 3.14 and Tables 2 and 3, 
we apply the Nielsen root theory for maps between closed surfaces (see Section 3), 
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geometric results of Kneser [24] about maps of absolute degree (see also Epstein [9]), 
and algebraic results (see Zieschang [47, 48], Zieschang, Vogt and Coldewey [50] and 
Ol'shanskii [34]; see also Kudryavtseva, Weidmann and Zieschang [26, Corollary 2.4]) 
on epimorphisms of surface groups to free groups (Lemma 3.1, Propositions 3.6 and 3.8). 
These results allow us to reduce the problem of the existence of (faithful, or non-faithful, 
resp.) solutions of the equation (5) in F2 satisfying the condition (6) to the problem of 
the existence of a (faithful, or non-faithful, resp.) solution of the following equation in 
the subgroup = ((a/Ja"'^/?-!)) of f 2 = (a, /? |> : 

(8) xyx~^y-^ = v(a/3a-"/3-') V' • a^a'^ l3-\ 

with the unknowns x G A^, y G F2, see (l')-(40 in Section 3.3, and Corollaries 3.1 1 
and 3.9(A) (see also Theorem 3.14). Here the free generators a, b of F2 = {a, b \) and 
the unknowns Z\,Z2 are replaced by the new generators and unknowns via 

a = a B = b fore = l, a = ab, 3 = b^^ fore = — 1, 

(9) 

x = zu y = Z2 for6 = \, x = ziZ2, y = Z2 for6 = -\, 

thus Ws(a) = 1, w^iP) = e. A solution {x,y) of (8) in A' is called faithful if w^Cy) = 6. 
We also prove (Remark 3. 12) that any solution of (8) in N satisties 

V = y'^ and 'dd'^ = —I for some G Z. 

To establish further non-existence results (Tables 4 and 5), we apply the algebraic 
approach developed in this paper (see Section 4) to the remaining cases of the equation (8), 
namely to those cases where the problem was not solved by the preceding methods (the 
so called "mixed" cases in Tables 2 and 3, see Remark 3.16 and Definition 3.15). From 
the equation (8) in A^, two equations are derived using our algebraic approach, which 
have solutions corresponding to solutions of (8) if the latter exist. The first derived 
equation (Theorem 5.1) is 

(10) (1 - 5y)x =l+dv, 

in the group ring Z[7r] k, N°-^ = N/[N,N] of vr (see Proposition 4.1), with two 
unknowns x £ ^[ir] , y £ tt , and the parameter v G vr, see Theorem 5.1. A solution 
(x,y) of (10) is called faithful if w^iy) = S, and it is called non-faithful otherwise. 
For each solution of the equation (10) in the "mixed" cases (see above), we assign an 
equation in the quotient Q of A'^, see (7), namely the equations (22), (32), (4"^) and 
(42), respectively, in Section 5.3. We use the fact that the quotient Q is isomorphic 
to [N,N]/[F2, [A^,A^]], see Proposition 4.5. The obtained in this way second derived 
equation (Theorem 5.10) has unknowns X £ Q, Y £ Z[7r], a parameter pq(V) G Q 
determined by the conjugation parameter v, see (7), and some unknown integers which 
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are parameters of the solutions of (10). We find all values of the parameter for 
which the second derived equation admits a solution (Theorems 6.4 and 6.8), and we 
use the obvious fact that the non-existence of a (faithful or non-faithful) solution of any 
of the derived equations implies the non-existence of a (faithful or non-faithful, resp.) 
solution of the corresponding quadratic equation (8). 

The paper is organized as follows. In Section 2, we consider more general quadratic 
equations in free groups and briefly formulate some recent results of the authors about 
faithful solutions of such equations, including the equation (5) with w^iy) = which 
correspond to maps of absolute degree 2. In Section 3, we recall results of [1 1, 12], and 
Kudryavtseva, Weidmann and Zieschang [26] on the relationship between the quadratic 
equations and the Nielsen root theory, and derive some properties of solutions of (5) 
satisfying (6) from geometric results of Kneser [24] about maps having absolute degree 
and algebraic results of Zieschang [47, 48], Zieschang, Vogt and Coldewey [50], and 
Ol'shanskii [34] on homomorphisms of the surface groups to free groups. As a result, 
we obtain Tables 2 and 3, and reduce our problem to study the single equation (8) 
in A'. In Section 4, we study some quotients of the subgroup = {{a(3a^'^/3~^)) 
of the free group F2 = {a, P \) of rank 2. In particular, we prove that the quotient 
[N,N]/[F2, [N,N]] is isomorphic to the quotient Q in (7), see Proposition 4.5, and 
we obtain a presentation for the quotient N /{F2, [A^,Ar|]. In Section 5, we describe 
and derive two equations, namely the first and the second derived equations, see above, 
which are easier to work with than the original equation (8). The second derived 
equation is constructed when the first derived equation admits a solution, while the 
original quadratic equation does not necessarily admit a solution, see Example 6.11. 
In Section 6, we investigate the existence of a solution of the second derived equation 
in the "mixed" cases of Tables 2 and 3. The results of Sections 5 and 6 are summarized 
in Tables 4 and 5 of Section 7. 

It is not clear whether our results can be obtained using Wicks forms. The results obtained 
here are entirely different from the type of results of Wicks [46] and Vdovina [42, 43, 44] 
using the Wicks forms, since we are able to consider certain families of equations at 
once, in contrast with methods which consider only one equation at the time. 
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2 Recent results on quadratic equations 

In the free group Fr = (ai , . . . , I ) we consider quadratic equations of the form 

Q{zu---.z^) = {viRv-^r ■■■{v^RvJ^r with /? = /?(«!,..., a,), 
where Q and R are some "quadratic words" in variables z\t ■ ■ ,Zq and a\, . . . ,ar, 
respectively, <? > 1, r > 1 and all cj / are integers, Vj G Fr- Here z\, ■ ■ ■ ,Zq are 
considered as "unknowns", while £, ci , . . . , q and vi , . . . , are "given parameters". 
Without loss of generality, one takes Q and R to be products of squares z? or commutators 

[Z2i- 1 , Z2i\ = Z2i- lZ2(Z^-i iZ^-^ ■ 

The following notation reflects the topological origin of the groups considered, namely 
fundamental groups of surfaces with boundary, see also Lemma 3.1. 

Definition 2.1 Let r, q be integers > 1 and e,5 G {+1,-1}; often we will use e, 5 
only as signs +, — . 

(A) Let Fr^e denote the free group Fr = {a\, . . . ,ar \ ) of rank r together with a 
homomorphism : f — > Z* = {1,-1} called the orientation character where 

w+ : aj ^ \, w_ : ay ^ — 1 for 1 <j<r. 
We call Fr^e ^ fr^^ group with orientation character. Define 

nfilb2,--l,Z2,-], s = +, 

in=,zf, 6 = -, 
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(B) In the group Fr^e we consider quadratic equations of the form 

i 

(11) Qsizi ,...,Zq) = \{vj- {Reiai a,.)y^ • v/i . 

j=i 

Here cj 7^ are integers and vj £ F^; of course, when 6 = + or e = + then q or r, 
resp., is even. Now z\, ■ ■ ■ ,Zq are considered as "unknowns", while ci , . . . , q and 
vi , . . . , V£ are "given parameters". 

(C) If Weizj) = 5, 1 < j < q, then the solution (zi, . . . ,Zq) is called faithful, and 
otherwise it is called non-faithful. This gives the following restrictions for faithful 
solutions: if e = + then 6 must be + , if e = — and 6 = + then the length of each 
Zj must be even, if e = 6 = — then all lengths must be odd. Hence, one should 
only consider (5, e) G {(+, +), (— , — ), (+, — )} in the case of faithful solutions, and, 
similarly, (6, e) E {(+, — ), (— , +), (— , — )} in the case of non- faithful solutions. 



Case 


S 


e 




conditions on v 


faithful solution {zi , zi) 


(l)a 


+ 


+ 


+ 


V — a 


{a\ b) 


b 








V — a^^ 


{ba-^b-^a-^b-', ba^b'^) 


c 








V = a", \n\ / 1 





(2) a 


+ 






V = a!\ n odd 


{a"b, b-^) 


b 






+ 


V = (f ,n even 





c 








V = {abf 





(3) 




+ 




arbitrary v 





(4) a 






+ 


V = ah 


{aba, b) 


b 










{h-^ab\ b-^ab^) 


c 








V = {abf, \n\ / 1 





d 








V = a" ,n even 





e 








V = d'b, n odd 


{a"ba^-", b) 


f 








V = a" , n odd 


{a''b-'a-", b) 



Table 1: Faithful solutions of Qsiz\,Z2) = vR^{a,bYv ^R^{a,b) for some values of v with 
wAv) = ^ 

Many other values of v for which the equation has a faithful solution or not can be 
obtained from the solutions listed in Table 1 , by applying an automorphism to v of 
the free group F2 which sends B := Rda, b) to B^^ , as given in [12, Corollary 7.2] 
and [11, Corollary 5.22]. 

Remark 2.2 In [11], the authors studied faithful solutions of the quadratic equa- 
tion (11) in the case that all numbers We(vy)c,-, 1 < j < i, have the same sign and 
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A ■ (r— 1) = q — 2 + i where A = |ci | + . . . + |q| (that is, the value q is "minimal", see 
Propositions 3.6 and 3.7(A)). We gave an algebraic criterion (see [11, Theorem 5.12], 
or [26, Theorem 5.17]) for the existence of a faithful solution of the quadratic equa- 
tion (1 1) in terms of the self-intersection indices /^(vj^'vy) G Z[_F,- ^ \{l}], 2 <j < £, 
and the intersection indices A(v]"^v,-, Vj^'vj) € ZlFr^e], 2 <j < i < £. As an application, 
we investigated the existence of faithful solutions of the quadratic equations (l)-(4) for 
some values of the conjugation parameter v with i? = We(v), see [12, Corollary 7.2, 
Lemma 7.3], [11, Proposition 5.15, Corollary 5.22], or [26, Proposition 5.21]. The latter 
condition is equivalent to the fact that the corresponding maps have absolute degree 2, 
see Definition 3.4 and Corollary 3.11. These results are summarized in Table 1 above. 
Some faithful solutions from [12, Corollary 7.2] corresponding to maps of absolute 
degree are given in Table 2, case (4a), and Table 4, case (4c). 

3 Quadratic equations and Nielsen root theory 

In Sections 3.1 and 3.2, we recall the notion of absolute degree of a map (Definition 3.4) 
and some results of [12] and [11] (see also [26]) about solutions of the quadratic 
equation (11). Then, in Section 3.3, we apply some of these results (Lemma 3.1, 
Propositions 3.6 and 3.8(A), (C), and Corollary 3.9(A)) to the equations (l)-(4) and 
summarize the obtained results in Theorem 3.14 and Tables 2 and 3. Other results of 
Sections 3.1 and 3.2 (Propositions 3.7 and 3.8(B), and Corollary 3.9(B), (C)) will not be 
used in our applications and can be skipped in the first reading (see also Remark 3. 10). 

Every solution of the equation (11) provides a continuous map f: Mi —>■ M2 between 
two closed surfaces (see below) with exactly £ roots having the multiplicities ci, . . . ,ce, 
see Section 3.2, [10], [11, 5.8, 5.21], or [12, Lemma 5.5(b)]. Here the closed surfaces 
Ml and M2 correspond to the quadratic words Qsizi, . . . ,Zq) and Re{ci\, ■ ■ ■ ,ar), 
respectively, and are defined as follows, see [11]. If e = 1, we denote M2 := 5^/2, 
a closed orientable surface of genus r/2; if e = —1 then M2 := Nr, a closed non- 
orientable surface of genus r (that is, the sphere with r crosscuts), thus A^r+i admits 
Sr as an orientable two-fold covering. Similarly, we denote M\ := if (5 = 1 , and 
MT :=A^^ if (5 = -1. 

In particular, the special quadratic equations ( 1 )-(4) that we are going to study correspond 
to maps between closed surfaces of Euler characteristic 0. We investigate the existence 
of non-faithful solutions of these equations, and the existence of faithful solutions of 
the equations with Ws(v) = —1?, see (6), which actually correspond to mappings of 
absolute degree 0, see Corollary 3. 1 1. 
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Consider two compact surfaces M\ and M2 having, respectively, I and one boundary 
components, where M\ (respectively, M2) is obtained from M\ (respectively, M2) by 
removing the interiors of I disjoint closed disks Di, . . . ,Di C Mi (respectively, the 
interior of a closed disk D C M2). Choose basepoints Pi G dD\, P2 G dD. The 
fundamental groups of the surfaces admit the following canonical presentations: 



(12) 



7ri(Mi,Pi) = {bi,. ..,bq,d]_,...,di \ Qsibi,. . ■,bg)d^ ^ ...d^ 

~ Fq+e- 1 , 

7-l\ 



(13) 



7ri(M2,P2) = {ai,...,ar,d\ /?e(ai, . . . ,ar)d 

TriiWuPi) = {bi,...,bq I Qs{bu...,bq)) =Fq/{{Qsibu...,bq))), 
■K\{M2,Pl) = {ai,...,ar\ Re(ai,. . .,ar)) = Fr/{{Re{a\,. . .,ar))), 
which correspond to some "canonical systems of cuts" on surfaces, see [1 1] or [26]. 

A continuous map/: M\ — > M2 is called proper if dM\ = f~^{dM2), that is, the 
boundary of the source is the preimage of the boundary of the target. 

Lemma 3.1 ([12, Lemma 5.5], [26, Lemma 5.9]) The existence of a solution 
(zi, . ■ ■ ,Zq) of the equation ( 1 1 ) is equivalent to the existence of a proper map / : Mi — > 
M2 such that f (Pi) = P2 and the induced homomorphism f# : 7ri(Mi ,Pi)—>- ■k\{M2, Pi) 
sends 

f#{dj) = v-'vj-d'^ -vj'vu l<j<t 

Under this correspondence, the elements zi, ■ ■ ■ ,Zq of a solution are considered as the 
conjugates (with the conjugating factor vi) of the images under f# of the elements 
bi, . . . ,bq of the canonical system of generators (12), thatisv^^ZiVi =f#{bi), I <i <q. 

The solution {z\, . . . , Zq) is faithful if and only if the mapf is orientation-true. 



3.1 Absolute degree of a continuous map 

The next two definitions are excerpted from [26, Definitions 4.5, 4.6] and introduce 
useful tools for studying continuous maps between manifolds of the same dimension. 

Definition 3.2 (a) In a non-orientable manifold, the local orientation is either pre- 
served or changed to the inverse when moved along a closed curve 7 ; according to 
this property 7 is called orientation-preserving or orientation-reversing, respectively, 
nomotopic (even homologic) curves are the same with respect to orientation. On 
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a surface, a simple loop 7 is orientation-preserving if and only if 7 is two-sided; 
otherwise the curve is one-sided. Following P Olum [35], a map/: M\ M2 is called 
orientation-true if orientation-preserving loops are sent to orientation-preserving ones 
and orientation-reversing loops to orientation-reversing ones. 

(b) Following Hopf [22], Olum [35] and Skora [39], we distinguish three types of 
maps. A map f is of Type I if it is orientation-true. If / is not orientation-true and does 
not map orientation-reversing loops to null-homotopic ones then / is of Type II. The 
remaining maps are said to be of Type III; they are not orientation-true and map at least 
one orientation-reversing loop to a null-homotopic one. Of course, the type of a map 
can be determined by studying its effect on the fundamental group. 

Remark 3.3 The orientation character We '■ Fr^e ^* = {I)"!} defined in Defi- 
nition 2.1(A) has the following geometric meaning. Consider the induced character 
7ri(M2,P2) {Ij see (13), which will be again denoted by Wg. For any closed 
curve 7 on Mj based at Pj, we have W£([7]) = 1 if 7 is orientation-preserving, 
and W£([7]) = —1 if 7 is orientation-reversing. Here [7] G 1^1(^2, P2) denotes the 
homotopy class of 7. 

For mappings between oriented closed manifolds, the notion deg(/"), the degree of a map 
/, is well known, and there is a variety of ways to compute it. It is easily generalized to 
compact oriented manifolds with boundary if one restricts oneself to proper maps (see 
Lemma 3. 1). For non-orientable manifolds one can also define the notion of a degree, 
as done by H Hopf [22], H Kneser[24] and DBA Epstein [9]. We recall the definition 
for surfaces as given by R Skora [39] ; see also Brown and Schirmer [6] . 

Definition 3.4 (Absolute degree) Let/ : M\ —>■ M2 be a proper map between compact 
surfaces. 

(a) The absolute degree off, denoted by A(f), is defined as follows. There are three 
cases according to the type of the mapping/. 

(I) / is of type I, that is, orientation- true. Let M,- = M,- and kj = 1 if M, is orientable 
and Mi be the 2-fold orientable covering of M, and kj = 2 otherwise. In 
particular. Mi is an orientable ki -fold covering of M,. Since/ is orientation-true, 
there exists a lift f : Mi ^ M2 . After fixing orientations on M\ and M2 , the 
degree of / is defined, and we put 

A(/-) = ||deg(f)|. 

(II) If / is of type II, we define A(f) = 0. 
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(III) For/ of type IH, put (. = [7ri(M2) :/#(7ri(Mi))] and let M2 M2 be the ^-fold 
(unbranched) covering corresponding to the subgroup /#(7ri (Mi)). Now / has 
a lift/: Ml M2 which induces an epimorphism on the fundamental groups. 
Then A(f) is either ^ or depending on whether the map 



is bijective or not, respectively. 
In particular, if £ = 00, then A(f) = 0. Further, if A(f) / then i \ A(f). 

(b) The geometric degree off is the least non-negative integer d such that, for some 

° — 1 

disk D C M2 and map g properly homotopic to/, the restriction of g to g (D) is a 

(i-fold covering. The geometric degree is never smaller than the absolute degree. 

For branched or unbranched coverings, the definition of the absolute degree does not 
give much new and the situation is much simpler. 

Proposition 3.5 (a) Every covering, branched or unbranched, is orientation-true. 

(b) The geometric and the absolute degree of a (branched or unbranched) covering 
coincide and are equal to the order of the covering, that is, the number of leaves. 

(c) The geometric and the absolute degree of any continuous map between closed 
surfaces coincide. 

Proof See Kneser [24]. □ 
3.2 Relation with the Nielsen root theory of maps 

The geometric interpretation of solutions of (11) by means of proper maps / : Mi —>■ M2 
between the compact surfaces Mi , M2 with non-empty boundary (see Lemma 3.1) can 
be reformulated in terms of maps f:M\^ M2 between the closed surfaces Mi , M2 
obtained from Mi , M2 by attaching disks to the boundary components and radially 
extending the map / to the disks, see [11, 5.21]. Now, the centers of the disks in Mi 
form the preimage of the center c of the disk in M2 . 

The root problem for a map / : Mi — > M2 and a point c G M2 is to find a map g 
homotopic to / which has the minimal number 



/, : Z2 = H2{Mi , dMi ■ Z2) ^ //2(M2, dM2; Z2) 




MR\f] :=min|g-Hc)| 
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of roots g^^{c) among all mappings g homotopic to/. The roots of / split into Nielsen 
equivalence classes similar to the cases of the coincidence problem and intersection 
problem, see [1 1, 2.16] and [3, Definition 3.1]. It follows from Brooks [4], Epstein [9] 
and Kneser [24] that the number NR\f] = NC[f, c] of essential Nielsen classes of 
roots (see Nielsen [33], or [3, Definition 3.6]) equals 



(14) NR\f] = { 



[7ri(M2) :/#(^i(Mi))] if A(f) > 0, 
if A(f) = 0, 



where A(f) denotes the absolute degree off. The map / has the Wecken property for 
the root problem if the general inequality 

(15) NRm < MR\f] 

is an equality. The root problem for closed surfaces was completely solved in [1, 2, 12], 
including the study of the Wecken property. 

Based on the Kneser congruence and the Kneser inequality, see [24] or [26, Theo- 
rem 4.20], and the geometric meaning of the equation (11), see Lemma 3.1, one obtains 
the following propositions. 



Proposition 3.6 ([12, Proposition 5.8] or [26, Proposition 5.12]) Suppose that 
equation (11) admits a solution {zi, . . . ,Zq), and letf : Mi —>■ M2 be the corresponding 
map between closed surfaces admitting i roots of multiplicities We(vi)ci , . . . , Weivi)c£. 
Let A := We(vi)ci + . . . + We(ve)ce. If A(f) > then A(f) ■ r = q mod 2. If the 
solution is faithful then A(f) = \A\. □ 

Let, for an element u £ t^i^Mj) = Fr = {ai, . . . ,ar\) , the element 

U £ 7ri(M2) = Fr/{{Re{ai,. . .,ar))) = {ai,.. .,ar\Re{ai,. . .,ar)) 

denote its image under the natural projection -KiiMz) —>■ tti{M2). Denote by // C iriiMz) 
the subgroup generated by the elements z\, ■ ■ ■ ,Zq- Denote by rank// the the minimal 
cardinality of a set of generators for H [27, Section n.2]. If // is a free group, or a free 
abelian group, this agrees with the usual definition of rank. 

Proposition 3.7 Let, under the hypothesis of Proposition 3.6, A(f) > 0. Then: 

(A) A(f) -(r-l) < q-2 and A(f) ■ (r - \) < q - 2 + MR\f] < q-2 + £. In 
particular, if MR[f] = £ = [f^^ic)\ , thenf is a solution of the root problem forf. 
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(B) If A(J) ■ (r — 2) = q — 2 then the solution is faithful, f is homotopic to an \A\ -fold 
covering and MR\f] = NR[f] = A(f) = \A\, thusf has the Wecken property for the 
root problem. 

(C) NR\f] = [7ri(M2) : H] < min{£, A(f)} . Furthermore, consider the subdivision 
of {I,. . . ,1} into in = [^^liMj) '■ H] subsets where ij belong to the same subset 
iff ViVj~^ G H (that is, v,- and vj belong to the same Reidemeister root class); then 
each of these subsets is non-empty. If the solution is faithful then W5(ker/#) = {1}, 
and the sum of We(vy)cy over all j belonging to the same subset equals ^ . If the 
solution is non-faithful then each of these sums is odd, W5(ker/#) = {1,-1}, and 
A(f) = Ih = NR\f] = MR\f] , thusf has the Wecken property for the root problem. 

Proof (A) Since A(f) > 0, it follows from the Kneser inequality [24] that xi^i) < 
A(f) • xiMi)- Since xi^i) = 2 — <7, x(M2) = 2 — r, this gives the first inequality. 
Since the map/ has £ roots, we have MR\f] < I. Applying the Kneser inequality to 
a suitable proper map g: M[ ^ M2 corresponding to a map g: Mi ^ M2 , which is 
homotopic to / and has MR\f] roots, one gets the inequality 

XiMl) - MR\f] < Gig) ■ (xim - 1), 

where G(g) denotes the geometric degree of g, see Definition 3.4(b) and [39, Theo- 
rem 4.1] (see also [12, Theorem 2.5(A)], in the case when / is orientation-true). On the 
other hand, G(g) > G{g) = A{g) = A(f), due to Proposition 3.5(c). This proves (A). 

(B) Since A(f) > 0, and the Kneser inequality [24] 

xim < A(f) ■ xim 

becomes an equality, it follows from [24] that the map / is homotopic to an A(f)-fold 
covering (this also follows from the classification of maps of positive absolute degree, 
see [39, Theorem 1.1]). Therefore / is orientation-true, and 

MR\f] < [TTiilh) :/#(7ri(Mr))] =A(f). 

By Lemma 3.1, the solution is faithful. Hence, by Proposition 3.6, A(f) = \A\ . Together 
with (14), (15), this proves the assertion. 

(C) In the case of faithful solutions, this assertion follows from [12, Lemma 5.7] or [26, 
Lemma 5.18(b)]. If the solution is non-faithful then the map/ is not orientation-true 
with A(f) > 0. Therefore / has Type III (see Definition 3.2(b)) or, equivalently, 
W5(ker/#) = {1,-1}. It follows from [26, Proposition 4.19] that every sum under 
consideration is odd. Since the map / is not orientation-true, it has the Wecken property 



Qeometry & Topology Monographs 14 (2008) 



232 



Daciberg L GongalvesElena KudryavtsevaHeiner Zieschang 



for the root problem, due to Kneser [23, 24] and (14), see also [9] or [12]. Indeed, 
Kneser [23, 24] proved that such / can be deformed to a map having or £h roots 
depending on whether A(f) = or A(f) > 0, and by (14) the latter number coincides 
with NR\f] . Therefore A(f) = £h = NR\f] = MR\f]. □ 



By applying a suitable automorphism of the free group Fq, one obtains the following 
presentation of the fundamental group of the closed surface Mi , in addition to (13), see 
Lyndon and Schupp [30, Chapter I, Proposition 7.6]: 

7ri(Mi,Pi) = (^1, . . . ,^^2+i^,?7i, . . . ,r/[|] | QsiCu- ■ . , C[2+i], m > • • ■,V[i])), 

where 

n,Li [0,Vi]) -Ka,??!]-, 5 = -1,^ even, 



n,ii'[6,??;]) -CLi' 5 = -l,^odd. 

^ 2 



Here we use the notation 



[x,y] = xyx V \ [^,y]- = xyxy ^ 

By applying the corresponding change of the unknowns, the equation (11) in Fr = 
{a\, . . . ,ar I) rewrites in the following equivalent form: 

(16) Qsixi,. . ■ ,x^ci+i^,yi,. . . ,yq^) = JJv^- • (/?e(ai, . . .,ar)f' • vr\ 

with the new unknowns x\, . . . ,x^q+i_,,yi, . . . ,yr2i G F,.. Similarly to Definition 2.1(C), 
a solution of the equation (16) is called faithful if 

^ f 1, i</<[f], , , / 1, i<i<V^], 

[ —I, I = ^ , = — 1 , 9 odd, [ 0, J = 2 , g even. 

Otherwise the solution is called non-faithful. Actually, a solution of (1 1) is faithful if 
and only if the corresponding solution of (16) is faithful. 

Suppose that, for a solution of (16), all Xi e N = {{Rdai,. . .,ar))), I < i < [^^]. 
(One easily shows that, in this case, both sides of the equation belong to N.) If one 
restricts oneself only to such solutions of (16), the obtained equation will be refered to 
as the equation (16) in the subgroup N of Fr. One checks that, for odd q, all solutions 
of (16) in are non-faithful, while, for even q, a solution is faithful if and only if 
We(yi) = 1, 1 < / < f - 1, and We{y'i) = 5. 
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For every solution of (16) in Fr, consider the corresponding homomorphism 

h: F^ = (6,...,^jj+,j,r/i,...,T?[2] | ) ^ = (ai, . . . | ) 
sending i-^ xt, ry,- i-^ y,. In particular, the subgroup H is the image of the composition 

Fq Fr ^ Fr/ {{Re{ai, Or))) , 

where pr^s is the projection, see (13). It follows from Lemma 3.1 that h = ivj#, where 
ju is the conjugation by the element m in F^, that is 7„(v) = mvm~^ , m, v G F,.. 

Proposition 3.8 Suppose that, under the hypothesis of Proposition 3.6, A(f) = 0. 
Denote by (xi, . . . ,x^q+x-^,yi, . . . ,y[i]) the corresponding solution of the equation (16) 
in Fr, let h: Fq Fr be the corresponding homomorphism, and p := rank//. Then: 

(A) p < [|] , moreover there exists an automorphism if of the free group Fq such that 
the word Qsi^i , '^[2±i ] i Vi^ ■ ■ ■ ^Vi^]) ^ Fq is preserved under ip, and 

hipiO)eN={{R,iau...,ar))) 

for all I < i < V-^]. In other words, for the solution (^j, . . . ,x'^_,_i ,y[, . . . ,y' qSj 

of the equation (16), which corresponds to the homomorphism h' = hip: Fq —>■ Fr, 
one has Xj £ N for all I < i < [^y^] . The solutions (xi , . . . , X|-2+i -| , yi, . . . , y^aj) and 
(xj, . . . ,x'^_i_i ,y[, . . . ,y' of (16) are both faithful or both non-faithful. 

(B) MR\f] = NR\f] = 0; in particular, f has the Wecken property for the root 
problem. 

(C) Consider the subdivision of {I, . . . ,£} into subsets where ij belong to the 
same subset iff v,Vy~^ £ H (that is, v, and vj belong to the same Reidemeister 
root class). If W5(ker/#) = {+1} then, for each i with I < i < £, the sum of 
W5(f^^{viVj^^))cj overall] belonging to the subset containing i vanishes. Otherwise 
(that is, if H'5(ker/#) = {1,-1}^ each of these sums is even. 

Proof (A), (B) Since A(f) = 0, it follows from Kneser [24] that the map / is 
homotopic to a map which is not surjective (see also Epstein [9]), thus MR[f] = 
^R\f] = 0. We also obtain that / is homotopic to a map whose image lies in the 
1-skeleton of the target M2, and therefore /# admits a composition tti{M\,P\) — > F — > 
7ri(M2, F2) where the first homomorphism g : 7ri(Mi , Fi) ^ F is an epimorphism to 
a free group F. It follows that rankF < [|] , see Zieschang [47, 48], and Zieschang, 
Vogt and Coldewey[50] in the case of orientable Mi , and from Ol'shanskii [34] in the 
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general case (see also Lyndon and Schupp [30, Proposition 7.13], or [26, Corollary 2.4]). 
Therefore p = rank// < rank/^ < [|] . 

In the case of orientable M\ , it has been proved in [48] using the Nielsen method (see 
also [50] or Grigorchuk, Kurchanov and Zieschang [15, Proposition 1 .2]) that there exists 
a sequence of "elementary moves" of the system of generators , . . . , ^^/2 > i • • • ) f]q/2 
of Fq, and a corresponding sequence of "elementary moves" of the "system of cuts" on 
M\ (see above), such that the resulting system of generators , . . . , i[ji2^ Vv - ■ ■ ^ ''l'q/2 
also canonical (this means, there exists an automorphism Lp of Fq such that ^- = (/3(^,) , 
■q'i = ipirji), and 

Qs{^[,---,^'q/2^Vl,---,V'q/2) = Qs{^\ , ■ ■ ■ , Vl , ■ ■ ■ , Vq/l) 

in Fq), and g(^-) = 1 in F for all 1 < / < | . Here u G 7ri(Mi,Pi) denotes the image 
of ue Fq under the projection Fq Fq/{{Qs{^i,. . . . . .,!],_))) = 7ri{Wi,Pi). 

In the general case (that is, when Mi is not necessarily oreintable), the existence of an 
automorphism if of Fq having the analogous properties was proved by Ol'shanskii [34, 
Theorem 1]. 

Since g(^'i) = I inF, it follows /#(^;) = 1 in iTi(Ah,P2). Hence /#(^,') G A^. This 
gives hipi^i) = h{£,[) =j,Mei) G A^- 

Let us prove the latter assertion of (A). Since the automorphism cp preserves the 
quadratic word Qs{£,i, ■ ■ ■ , ^[j+ij , r/i , . . . , r]^-^) , it also "preserves" the orientation 
character ws- Fq ^ {I, —1} , that is, ws = ws^p, see Definition 2.1(A), Remark 3.3, 
and Lyndon and Schupp [30, Chapter I, Proposition 7.6]. Now observe that the 
solution (xi, . . . ,x^^+iyyi, . . . ,yq]) is faithful if and only if ws = Weh. Similarly, 
(xj, . . . ,x'^+i^y\, . . . ,yr9i) is faithful if and only if ws = Wgh' . By the above, the 
latter equality is equivalent to = Wehip, and since ip is an automorphism, it is 
equivalent to ws = w^h . 

(C) In the case of faithful solutions, the assertion follows from [12, Lemma 5.7] 
or [26, Lemma 5.18(b)]. If the solution is non-faithful then the map / has Type II if 
W5(ker/#) = {+1}, and it has Type III if W5(ker/#) = {1, -1}. Since A{f) = 0, it 
follows from [26, Proposition 4.19] that each sum under consideration vanishes if / has 
Type II, and it is even if / has Type III. □ 

Corollary 3.9 Under the hypothesis of Proposition 3.6, the following properties hold: 

(A) Suppose that r = q = 2. If A(f) > then rank// = 2 and the solution is faithful. 
If A(f) = then rank// < 1 , moreover either 6 = — I and x ^ N = {{Re{ai , 02))) , or 
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(5=1 and x' £ N, for some solution {x',y') wtiicli is faithful (resp. non-faithful) if (x, y) 
is faithful (resp. non- faithful). Ifx^N then A(f) = and the following implications 
hold: 



(17) {x,y) is faithful <^=^> w^iy) = 6, 

(18) e = 2,C2odd =^ 3k eZ, ci 



-C25^ ify^\or5 = \, 
odd otherwise, 



V1V2 = y . 

Here {x,y) = (xi,yi) is the solution of (16) with r = q = 2 corresponding to the 
solution {z\ , Zi) of (5) via the standard transformation of unknowns, see (9). 

(B) Suppose that either the solution {z\, ■ ■ ■ ,z.q) is non-faithful, or A = 0, or \A\ ■ (r — 
2) = q — 2 (in particular, r = q = 2). Then the map f: M\ ^ M2 has the Wecken 
property for the root problem: MR\f] = NR\f] = \A(f)\. 

(C) Suppose the solution is faithful andA^O. Then \A\ ■ (r - I) < q - 2 + £, 
furthermore: 

If \A\ ■ (r — I) = q — 2 -\- i, £ > 2 and We(v,)c,- 7^ Ws(vj)cj for some pair of indices 
1 < ij < ^, then NR\f] < MR\f] = I and, thus, / does not have the Wecken property 
for the root problem. Iff < \A\-(r-l)-q+2 then NR\f] < £' < \A\-(r-l)-q+2 < 
MR\f] , where i' is the maximal number of disjoint subsets of {I, . . . ,£} such that the 
union of the subsets is {I, . . . ,£} and the sum of We(vj)cj over all j belonging to the 
same subset does not depend on the subset and, hence, equals A/£' . 



Proof (A) Let r = q = 2. Suppose that A(f) > 0. By Proposition 3.7(B), the 
solution is faithful and / is homotopic to a covering. Therefore £h = A(f) and 
/# : 7ri(Mi) — > 7ri(M2) is a monomorphism, hence rank// = rank7ri(Mi) = 2. 

Suppose that A(f) = 0. By Proposition 3.8(A), p = rank// < [j] = 1 and there exists 
an automorphism 99 G Aut(/^2) such that the relator ^r]^~^r]~^ e F2 is preserved by 
(/?, and x' := hip(^) G A'^; moreover the corresponding solutions {x,y) and (xfjy') are 
both faithful or both non-faithful. Thus ip is the desired automorphism when 6=1. 
In the case (5 = — 1 , it is well known that the cyclic subgroup (^) of r/ | C^Cv^ ^ ) 
(the fundamental group of the Klein bottle) generated by ^ is characteristic, hence 
ip(0 = ^^^Ci for some Ci ^ iiCv^V''^)) ■ Since hip(0 G and h(Ci) e (since 
h(^r]^r]~^) = xyxy~^ equals the right-hand side of the equation, thus it belongs to A^), 
it follows that x = h(0 G A^. 
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Suppose that x ^ N. Then x = I, thus H = (y) and rank// < 1. It follows from 
the above that A(f) = 0. The property (17) follows by observing that the solution 
(x, y) = Hv)) is faithful if and only if Wi;{h{Q) = ws{Q for any C G F2 = r/ | ) 
or, equivalently, for any ( G 77}. For C = this equality holds, since = x ^ N 
and wsiO = 1 ■ For C = ^» the equality is equivalent to We{y) = 5. 

Let us prove (18). Since 1 = 2 and C2 is odd, it follows from Proposition 3.8(C) that 
v\V2^ belongs to the subgroup H = (y) and that ci + C2 is even. Hence viV2~^ = j^, 
for some G Z, and (18) is proved when y = I, 6 = —I. Let us assume that j / 1 or 
(5 = 1 . If J 7^ 1 then the kernel of the induced homomorphism 

/#: Tri{Wi) = {^,r]\(r]^"^r]-^) ^ IT = Tri{Ih)= {a, P\B), ^ ^ x, f] ^ y, 

is generated by ^. Since W5(0 = 1, we have W5(ker/#) = {+1}. If (5 = 1, the 
equality W5(ker/#) = {+1} is obvious. Since viV2~' G (j) = //, it follows from 
Proposition 3.8(C) that ws(f#^{viV2^^))ci + C2 = 0. On the other hand, we have 
viV2~^ = y'^, thus 

This proves the equality ci(5*^ + C2 = 0, and thereby completes the proof of (18). 

(B) If the solution is non-faithful then/ has the Wecken property for the root problem, 
due to Propositions 3.7(C) and 3.8(B). Suppose that the solution is faithful. Then, by 
Proposition 3.6, A{f) = |A| . If A = or |A| • (r - 2) = - 2 then / has the Wecken 
property for the root problem, due to Propositions 3.8(B) and 3.7(B). 

(C) As above, A{f) = |A| . It follows from Proposition 3.7(A), (C) that |A| • (r - 1) < 
q-2 + MR\f] <q-2 + e&nd NR\f] = £h < i' ■ Hence, NR\f] <£'<£ = MR\f] 
in the first case, and NR\f] < f < \A\-{r- l)-q + 2 < MR[f] in the second case. □ 

Remark 3.10 Another way of proving the property (1 8) is given below in Theorem 5.1, 
using the corresponding first derived equation (which is similar to (36)), rather than 
Proposition 3.8(C). Both geometric and algebraic ways of proving Proposition 3.8(C) 
are given in [26, Proposition 4.19]. 

3.3 Applications to the quadratic equations (l)-(4) 

Here we apply the results of Section 3.2 to study the existence of faithful, or non- 
faithful, solutions (z\,Z2) of (5) satisfying the condition (6). For some values of 
V = Ptt(v) G vr = F2 / {{Reiai , CI2))) , we give some explicit faithful and non-faithful 
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solutions in Tables 2 and 3, respectively, in terms of the new variables, as given in (9). 
The non-existence results stated in Tables 2 and 3 will be based on the results of 
Section 3.2. 

Corollary 3.11 A solution {zi,Z2) of (5) satisfies the condition (6) if and only if 
the absolute degree A(f) of the corresponding map f: Mi —>■ M2 (see Section 3.2) 
vanishes. 

Proof Suppose that the solution (zi , Z2) does not satisfy the condition (6). Then the 
solution is faithful and 7^ — We(v), thus A = We(v)i? + 1 / 0. By Proposition 3.6, 
this gives A(f) = |A| > 0. 

Suppose that A(f) > 0. By Corollary 3.9(A), the solution is faithful. By Proposition 3.6, 
this implies A(f) = |A| = |we(v)i? + 1| . Since the latter expression is positive, we must 
have 'd / —Wsiv). Therefore the solution does not satisfy the condition (6). □ 

As in (8) and (9), let us rewrite the equations (l)-(4) in terms of the new generators 
a, (3 and the unknowns x,y, as given in (9). Thus R^{a,b) = [a,b] = [a, (3], 
R-{a, b) = a^b^ = aj3af3~^ , and we obtain the equation (8), which is written in detail 
as follows: 



(1') [x,);] =v[a,/3]Vi -[a,/?], 

(2') Vx,y]= v{a(3a(3- ^ fv' ^ ■ aPa(3-\ 

(4') xyxy-^ = v(a(3a(3-^fv-^ ■ a(3ap-\ 



In the new generators, the fundamental group vr = vrg = iiiiMj) and the projection of 
F2 = {a, (3 \) to it have the form 

Pn- F2 ^ vr = F2/N, where = ((B)) , B = aPa'^p-^ 

As above, denote 

M := Ptt{u), u G F2. 
Every element m G vr can be written in a unique way in the following canonical form: 
(19) u = a''p-\ r,seZ. 

Remark 3.12 Let us apply Corollary 3.9(A) to study the existence of (faithful, or 
non-faithful) solutions of the equations (l')-(4') satisfying A(f) = 0. Suppose that 
ix,y) is such a solution. In the case of the equations (3') and (4'), we have 6 = —I; 
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hence x G A^. In the case of the equations (!') and {!'), we have (5=1; hence there 
exists a solution {x' ,y') with x' ^ N , where the solutions {x,y) and {x! ,y') are both 
faithful or both non-faithful. Thus we can restrict ourselves to study the existence of 
solutions of (l')-(40 satisfying x £ N. Such solutions have the properties (17) 
and (18), where one substitutes vi = v, V2 = 1 , ci = C2 = 1 . Thus the property (18) 
has the following form for the equation (8), or (l')-(4'): 

(20) v = f, = -1, for some k£Z. 

Notation 3.13 li F2 = {t\,t2 \) is a free group on two generators fi,f2,let \u\,. denote 
the sum of the exponents of ti which appear in a word m G F2 . In the case of vr = 7r_ , 
denote by p%{u) and p^{u) , the exponents of a, j3, respectively, which appear in the 
canonical form (19) of the element m, thus p%(u) := r and p^{u) := s, see (19). We also 
denote the projection p^^: F2 ^ it by pj , or pn , in the cases when vr is the fundamental 
group of the 2-torus T (e = 1), or the Klein bottle K (e = —I), respectively. We will 
say that an element u of an abelian group is divisible by 2 if there exists an element Ui 
of the group such that 2m 1 = U. (Here the additive notation for the group operation is 
used.) 

The following Theorem 3.14 summarizes the above results about the existence of 
faithful, or non-faithful, solutions satisfying (6) of the quadratic equation (8). It can 
be regarded as the "first classification" of values of the conjugation parameter v with 
respect to the property that the corresponding quadratic equation admits a (faithful, or 
non-faithful) solution. These results are also summarized in Tables 2 and 3, and in the 
explicit solutions given in Tables 4 and 5. The cases which are not completely solved 
by Theorem 3. 14 are marked as "mixed" cases in Tables 2 and 3. 

Theorem 3.14 Let v £ F2 = {a, (3 |), 6,e,i3 £ {1,-1}. For the quadratic 
equation (8), the existence of a faithful (resp. non-faithful) solution satisfying (6) 
is equivalent to the existence of a faithful (resp. non-faithful) solution satisfying 
X £ N = {{a[3a~'^ [3~^)) . The following results on the existence of such faithful and 
non-faithful solutions hold, see Tables 2 and 3, respectively: 

(1) The equation (V) has a faithful solution for any v £ F2 and i? = — 1, see 
Table 2(1 ) for a solution, while it has no non-faithful solution for any v £ F2 
and -d £ {1,-1}. So, in this case, the problem of the existence of solutions 
satisfying (6) is completely solved. 

(2) The equation (2') with w_(v) = —-d admits a faithful solution if and only if 
"9 = —\, see Table 2(2a) for a solution. For non-faithful solutions of (2'), we 
have: 
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(a) If 'd = \ , there is no solution. 

(b) If {} = — I and w_(v) = — 1 ttien there is a solution, see Table 3(2b) for a 
solution. 

(c) If i9 = — 1 , w_(v) = 1 (thus p^{v) is even), and (v) 7^ then there is no 
solution. 

(d) If ^ = —I, w_(v) = 1 (thus p^iv) is even), and p^(v) = then there is 
an element vi e p^^^ipKiv)), for which the equation admits a solution, see 
Table 5(2c,2d) for a solution. 

(3) The equation (3') has no faithful solution, while the following properties hold for 
its non-faithful solutions: 

(a) If d = \ , there is a solution, see Table 3(3a) for a solution. 

(b) If'd = —l and pt{v) is not divisible by 2, then there is no solution. 

(c) If 1? = — 1 and pt{v) is divisible by 2, then there is an element v\ G 
Py^(Pt{v)), for which the equation admits a solution, see Table 5(3c) for a 
solution. 

(4) The following properties hold for faithful solutions of the equation (4') with 
w_(v) = -1?; 

(a) If w„(v) = — 1 (thus p^iv) is odd) then there is a solution, see Table 2(4a) 
for a solution. 

(b) If w„(v) = 1 (thus p^{v) is even) and p%(v) / 0, then there is no solution. 

(c) If W-{v) = 1 (thus p^iv) is even) and (v) = 0, then there is an element 
vi G Pk^(Pk{v)), for which the equation admits a solution, see Table 4(4d) 
for a solution. 

For non-faithful solutions of (4'), the following properties hold: 

(d) If w-{v) = — 1 (thus Pf^{v) is odd) then there is no solution. 

(e) If w_(v) = 1 (thus p^{v) is even) and = \ , then there is a solution, see 
Table 3(4b) for a solution. 

(f) If w- (v) = 1 (thus p^{v) is even ), {) = —\, and moreover p^(v) is not 
divisible by 4 or (v) is odd, then there is no solution. 

(g) If w_(v) = 1 (thus p^(v) is even), i9 = — 1, p^(v) is divisible by 4, and 
Pxiv) is even, then there is an element v\ € Pk^(pk{v)), for which the 
equation admits a solution, see Table 5(4d) for a solution. 

(5) In each of the "mixed" cases 2d, 3c, 4c, 4g above, any solution with x ^ N 
satisfies (17) and (20), which imply v G {y'^) ■ 
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Proof By Corollary 3.11 and Remark 3.12, the existence of a solution satisfying (6) is 
equivalent to the existence of a solution satisfying x ^ N , where the solutions are both 
faithful or both non-faithful. This proves the first desired assertion. 

By direct calculations in the free group F2 , or in the abelianised F2 , one readily obtains 
the following cases of Tables 2 and 3: 

Table 2, cases (1), (2a), (2b), (3), (4a), and 

Table 3, cases (1), (2a), (2b), (3a), (4b). 

The corresponding arguments for each of these cases are given in the footnotes to these 
cases in Tables 2 and 3. 

The following cases of Tables 2 and 3 are marked as "mixed" cases: 

(21) Table 2, case (4c) and Table 3, cases (2d), (3c), (4e). 

In each of these cases, an explicit value of the conjugation pai^ameter vi G p~^(v), 
together with an explicit solution of the corresponding quadratic equation, are given 
in Table 4, case (4d), and Table 5, cases (2c,2d), (3c), (4d), respectively. In the first 
of these cases, the solution was given in [12, Corollary 7.2]. Other three cases are 
justified by direct calculations in F2 (actually in A'). In the latter case, one also uses the 
following relation which is a simple consequence of the relation af3aP~^ = 1 , in the 
fundamental group vr = 7r_ of the Klein bottle: 

(22) (a'P^'f = 0^'^^', r,sGZ. 

Let us prove (5) and the non-existence results stated in the remaining cases, namely: 

Table 2, case (4b) and Table 3, cases (2c), (3b), (4a), (4c), (4d). 

By Corollary 3.11 and Remark 3.12, we may assume that x ^ N = ((B)) , and (17), (20) 
hold. In particular, x = \ ,v = y^ ,fov some k ^"L. 

Consider the cases (4b,c) of Table 2 and the cases (2c,d) of Table 3. Since the solution 
is faithful (resp. non-faithful), we have w_(j) = — 1, see (17). We conclude that is a 
power of /3, by applying the canonical form (19) of elements in vr = 7r_ : 

(23) {a'^'^'+^f = r,s£Z. 

Since v = , W-(y) = — 1 , w_(v) = 1 , the integer k must be even. Therefore, v is a 
power of y'^, thus also a power of /3. 

In the cases (4a), (4c) of Table 3, we have w_(v) = —1 and W-(y) = 1, since the 
solution is non-faithful, see (17). This contradicts to v = y'^ . 
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In the cases (3b,c), (4d,e) of Table 3, we have 5 = i? = — 1 . It follows from the second 
part of (20) that (—1)'^ = 1 , thus k is even. This proves (5) and finishes the proof in the 
case (3b) of Table 3. In the case (4d) of Table 3, we have W-iy) = 1 , since the solution 
is non-faithful, see (17). Together with the relation (22), this shows that the canonical 
form oiv=y'^ is a^'"^^", for some m,n G Ij. □ 

Theorem 3.14 gives many cases for the values of v G vr such that all elements 
vi e p~^(v) simultaneously have (or simultaneously do not have, respectively) the 
following property: the corresponding equation (8) has a solution satisfying (6), where 
the cases of faithful and non-faithful solutions are considered separately, see Tables 2 
and 3, respectively. The remaining cases listed in (21) are marked in Tables 2 and 3 as 
"mixed" cases because of the following. 



Case 


S 




i9 


conditions on v 


faithful solution (x, v) 
















(1) 


+ 


+ 








(vS-'v-', V- ')'"-' 


(2) a 


+ 






+ 




(vs-'v-', v-'r' 


b 






+ 






0(..) 


(3) 




+ 








0(iii) 


(4) a 






+ 






(S, S-'v)<"> 


b 








+ 


PK(y) / 


0(v) 


c 










Pk(v) = 


"mixed" case, see Table 4 



Table 2: Faithful solutions of xyx ' = vB'^v with B — a[3a ^ [3 ^^(v) = —§ 

Definition 3.15 A family of quadratic equations (8), with the conjugation parameter 
V running through the set jc^^vq), is called mixed (with respect to the property of the 
existence of a faithful, respectively non-faithful, solution) if there exist two parameter 
values vi, V2 G ;?~^(vo) such that the equation with v = v\ has a faithful (respectively, 
non-faithful) solution, while the equation with v = V2 has no faithful (respectively, 
non-faithful) solution. 

3.4 Comments to Tables 2 and 3 

As above, we rewrite the equation (5) in the equivalent form (8), in terms of the 
new generators a, /3 of F2, and the new unknowns x,y, using the transformation of 
variables (9). Thus the equations (l)-(4) are transformed to the equations (l')-(4'), see 
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Case 


5 


e 


■d 


conditions on v 


non-faithful solution (x, "y) 
















n\ 
W 


+ 


+ 










(2) a 


+ 




+ 


± 




0(ii) 


b 












(vS-'v-',v-')<'^' 


c 








+ 


Pl(y) / 


0(v, 


d 










(v) = 


mixed case, see Table 5(2) 


(3) a 




+ 


+ 






([Q,/3],[/3,Q]v)«^' 


b 










2\Pt{v) 


0(v) 


c 










2\pt{v) 


mixed case, see Table 5(3) 


(4) a 






+ 






0(v) 


b 








+ 




(S,S-'v)<™' 


c 












0(v) 


d 








+ 


4tp^(v)or2K(v) 


0(v) 


e 










4ip^(v)and2ip2(v) 


mixed case, see Table 5(4) 



Table 3: Non-faithful solutions of xyx ^y' -1 = vB'^v-^B with B = a/Ja"^/?"' 
'Automatically for e = -f 1 . 

'The right-hand side of the equation (5) is not in [F2, F2] . 
'Automatically for e = +l,5 = — 1. 
'Direct calculation. 

'Using (17), and either (20) or the first derived equation (36), see Remark 3.10 and Theorem 5.1. 



Section 3.3. In Tables 2 and 3 above, we summarize the results of Theorem 3.14 on the 
existence of faithful and non-faithful solutions of the latter equations, respectively. 



Remark 3.16 The primary objective, for the remainder of this paper, is the study of the 
four cases (21) of Tables 2 and 3 (the "mixed" cases), which are not completely solved 
by Theorem 3.14. These cases are described in detail in Section 7. In Tables 4 and 5 
below, we will show that the cases (21) are indeed the "mixed" cases with respect to the 
property of the existence of a solution, see Definition 3.15. A complete description of 
all words vi, V2 G P^^{v) as in Definition 3.15, in a mixed case, does not seem to be an 
easy task. 



Qeometry & Topology Monographs 14 (2008) 



Some quadratic equations in the free group of rank 2 



243 



4 Some quotients of the normal closure of an element of a 
free group 

In this section, we denote by F a free group of finite rank > 2, B £ F , N = {{B)) , 
and TT = F/N. Thus, A'^ is the normal closure of the element B, that is, the minimal 
normal subgroup of F containing B, while vr is a one -relator group. We will assume 
that the word B is not a proper power of any element of F (although, in some of the 
assertions, the hypothesis above can be made weaker). In particular, all assertions 
of this section are valid if B is a strictly quadratic word in a set of free generators 
of F, see Lyndon and Schupp [30, Section 1.7]. For F = F,- = {ai, . . . ,ar \) , such 
words are automorphic images of the words . . . ,ar), R-{ai, . . . ,ar), r > 2, see 

Definition 2.1(A) and [30, Chapter I, Proposition 7.6]. 

Consider the following normal subgroups of the group N: 

N D [F,N] DNi = [N,N], [F, [F,N]] D [F, [N,N]] D [A^, [A^,A^]]. 

We will construct presentations of the quotients N/Ni, Ni/[N,Ni] and N/[N,Ni] 
(see Section 4.1), Ni/[F,Ni] and N/[F,Ni] (see Section 4.2), and N/[F,N] and 
[F,N]/[F, [F,N]] (see Section 4.3). It will follow that the first, second, fourth, and 
sixth quotients are free abelian groups, the third and fifth quotients are the middle 
groups of extensions of free abelian groups, while the seventh one is isomorphic to 
vr"'' = 7r/[7r, vr], the abelianised group vr. If is the commutator subgroup IF,F] then 
the latter quotient comes from the lower central series of the free group F, see also 
Remark 4.6. 

As in Section 3, we will denote by u £ F the class of an element m e F in vr. 

4.1 The groups N/Nu A^i/[A^, A^i], and A^/[A^, A^i] 

Let us consider the short exact sequence 

1 ^A^i -^N^N/Ni 1. 

Here, as above, = {{B)) , B £ F , and B is not a proper power of any element of F. By 
the Nielsen-Schreier subgroup theorem [38], A^ is a free group, since it is a subgroup of 
a free group. Furthermore, it follows from Lyndon [27, Section 7] that A^"** = N /N\ , 
the abelianised group A^, is isomorphic to the free abelian group which has a basis in 
a bijective con^espondence with vr = F/N, see [27, Introduction]. These results are 
formulated in more detail as follows. 
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Proposition 4.1 (Lyndon [27]) Suppose that the relator B £ F is not a proper power 
of any element of a free group F . Consider the short exact sequence 

(24) l^N^F^-K^l, 

where N = {{B)) , the minimal normal subgroup which contains the relator B, while 
TT = F /N , a group with a single defining relation. Then the group N is free and admits a 
free basis (for example, a Schreier basis) of the form B^, u £ W, where W = s{tt) C F, 
and s: tt F is a map with p-^^s = idj^ . Furthermore, N"-^ , the abelianised group N , 
is isomorphic to the abelian group (Z[7r], +) of the group ring Z[7r] . Moreover, there 
exists a short exact sequence 

(25) 1 ^ [A^, A^] ^ ^ (Z[7r] , +) ^ 0, 

where is the canonical inclusion, while qj^ is an epimorphism sending 

r r 

(26) qN- (Z[7r], +), JJb;]; ^ nm E Z[7r], 

1=1 !=1 

for any Uj € F , rij € "Z, where B„ = uBu~^ , u = Pt^{u), u € F. □ 

A similar assertion, for any element 6 G vr , was proved by Cohen and Lyndon [7] . In the 
case when the relator B is a strictly quadratic word in the free generators ai , . . . , of the 
group F = {a\, . . . ,ar \) , r >2, for example B = Rdai, . . . ,ar), see Definition 2. 1(A), 
an alternative proof of Proposition 4.1 can be obtained as follows. The subgroup A' is a 
free group, as explained above. In the case when S is a strictly quadratic word, a free 
Schreier basis of A^ was explicitely constructed by Zieschang [49], Zieschang, Vogt and 
Coldewey [50]; see also Kudryavtseva, Weidmann and Zieschang [26, Proposition 4.9]. 
This immediately implies Proposition 4.1, see [26, Corollary 4.12]. 

Proposition 4.2 Under the hypothesis of Proposition 4.1, consider the central short 
exact sequence 

1 ^ A^i/[A^,A^i] ^A^/[A^,A^i] ^N/Ni 1. 

Then Ni/[N, Ni] ^ H2{N /N\) « Z[7] , a free abelian group with basis denoted by eg 
where 6 runs over the set / = (vr x vr \ A)/S2, and S2 is the symmetric group in two 
symbols, which acts on vr x vr \ A by permutations of the coordinates. A presentation 
of the group N\ /[N , Ni] is obtained as follows: for each G (vr x vr \ A)/S2 choose 
a pair (^, rj) G 9, denote e.(^^n) '■= ^e, H-q,o '■= —ee, ^nd denote by Ji the set of such 
pairs (^, rj), thus J\ C vr x vr \ A . Then there exists a short exact sequence 

{11) l^[N,Ny]^Ni^ Z[J] ^ 0, 
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where //v, is the canonical inclusion, while is an epimorphism sending 
(28) qNr-N:^Z[J], 



'•=1 7=1 



n«";'n< 

!=1 7=1 

where Ui^vj ^F,l<i<r, l<j<s, and B„ = uBu~^ , u & F. Furthermore, the 
group N/[N,Ni] admits the following presentations: 



(29) N/[N,Ni] « (xg, C e vr I [x^, [x^,x^]], ??, C G vr) 



ee, 9£iTTXTT\ A)/S2, 
xg, ^ G vr 



[e0,egf], [eg,x^], 9,9' G (vr x vr \ A)/S2, ^ G tt, 
[x^,x^]f'j"^^_^p (^,r/) E 7i 



where 77} G (vr x vr \ A)/S2 denotes the class of (^, ??) G 7i in (vr x vr \ A)/S2. 

Proof Recall that ifl^//^G^2— >lisa short exact sequence then we have a 
5-term exact sequence 

(30) //2(G) ^ H2{Q) ^ ///[G,//] ^ //i(G) ^ //i(e) ^ 0, 

due to Stallings [40, Theorem 2.1]. Applying this to the short exact sequence 

1 ^ A^i ^ ^ N/Ni 1 

we obtain that G = N , H = N\, Q = N /N\ , thus the first and third homomorphisms in 
the 5-term sequence are trivial. It follows that the second homomorphism H2{N /N\) — > 
A^i/[A^, A^i] is an isomorphism. Since Q w (^[vr], +) is a free abelian group, it follows 
from Brown [5, Theorem V.6.4] that H2{Q; Z) JS?{Q), the sub group of grade 2 of the 
graded ring A(2) (the exterior graded ring of the group Q), where Q is at grade 0. This 
proves the desired presentation for the group Ni/[N, Ni\. 

To prove that (28) defines a homomorphism, let us first show that there exists a unique 
homomorphism : N\ Z[J] satisfying (28). Denote by p^^ ' Ni —>■ Ni/[N,Ni] 
the canonical projection. Consider the free basis Bi, , u £ W , of N given by Proposi- 
tion 4.1. It follows from Magnus, Karrass and Solitar [31, Theorem 5.12] that the group 
Ni/[N,Ni] is a free abelian group, where the elements pw, ([B«(H),fis(v)]) ^ Ni/[N,Ni], 
(u, v) £ Ji, form a free abelian basis. Therefore the map sending /7/v, ([Bi(n), Bi(v)]) ^ 
^{m,v}' (i<i^) £ uniquely extends to a homomorphism ip^^ : N\/[N,Ni] —>■ Z[7]. 
Since ipi^^ sends the above basis of Ni/[N, Ni] to a basis of Z[/] , it is an isomorphism. 
The property (28) of the obtained projection q^^ := ipNiPN, follows from commutator 
calculus, see [31, Theorem 5.3]. 

Now the presentation (29) follows by observing that the natural epimorphism of 
N/[N,Ni] to the group in the right-hand side of (29) sending 5„[A, Ai] xu, u eW, 
is well-defined. It has a trivial kernel, because one can easily construct its inverse. □ 
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4.2 The groups Ni] and Nl[F, Ni\ 

Here we will obtain the main results of this section, which will be applied in Section 5 
to study the existence of solutions of the equations (l')-(4') in the mixed cases, see 
Remark 3.16. 

Let us first recall some other facts from Lyndon [27] on the homology of one-relator 
groups. 

Lemma 4.3 (Lyndon [27, Theorem 2.1]) For any group ir, the homology group 
//;(7r, Z[7r]) is trivial for i > I, and isomorphic to Z for i = 0. Here the local 
coefficients Z[7r] is the IjItt] -module corresponding to the action of tt on Z[7r], which 
is given by the right multiplication. □ 

The result above is also true if vr acts on Z[7r] by the left multiplication. 

Lemma 4.4 Under the hypothesis of Proposition 4.1, ///(vr) = 0, / > 3, while H2(tt) 
is either Z or 0. The latter group is if and only if B [F, F] . 

Proof From [27, Corollaries 4.2 and 11.2] it follows that H'{-k) = for / > 3, 
while H^{tt) is a cyclic group, which is finite if and only if B [F, F] . Using the 
universal coefficient theorem, we ontain the desired assertion, see also Brown [5, 
Example II.4. 3]. □ 

Remark that we will not use in this paper that ///(vr) = for / > 4. 

Now denote Np = [F,N{\ where A'l = [A^,A^]. Similarly to (7), denote by Q the 
quotient of the abelian group Z[7r \ {1}] by the system of relations g ~ —g^^, 
gG7r\{l}: 

(31) Q = (Z[7r \ {\}^)/{g + g-' I g G vr \ {1}). 

Proposition 4.5 Under the hypothesis of Proposition 4.1, consider the central short 
exact sequence 

1 ^ Ni/Nf N/Nf N"'' 1. 

Then Ni/Nf « HiiF/NO ^Q^ Z[I],forI = (7r\{l})/ ~, where the relation ~ is 
given by identifying g with g^^ , for ^ G vr \ { 1 } . Moreover, there exists a short exact 
sequence 

(32) i^[F,Ni]^N,^Q^O, 



Qeometry & Topology Monographs 14 (2008) 



Some quadratic equations in the free group of rank 2 



247 



where i^^ is the canonical inclusion, while q^p is an epimorphism sending 



,— 1 ;— I -I V 1 ;_ I / 



(33) qN,: Ni^Q, 

where Ui,Vi e F, pg: Z[7r] Q is the projection. Furthermore, the group N/Np 

admits the following presentations: 

(34) 

N/Nf ~ {x^, £tt\ [x^,Xn][x^i.,Xi;ri] \ [xg, [x^,x^]], C,?7,C G ^r) 



ee, e£7r\{\}, 
x^, ^ G vr 



[ee,ee'], [ee,x^], 9,6' €tt \ {1}, ^ G tt, 
[x^,Xn]e^}i^, (^, 7/) G TT X vr \ A 



Proof To establish the isomorphism Ni /Np ^ H2(F/Ni), consider the 5-term exact 
sequence 

H2{F) ^ H2{F/Ni) ^ Ni/[F,Ni] ^ ^ (F/N^r'' ^ 

obtained from the short exact sequence 1 Ni ^ F ^ F /N\ — > Iby means 
of (30). Since H2{F) = and F"^ (F/Ni)"'' is an isomorphism, it follows that 
H2(F/Ni) Ni/[F,Ni] = Ni/Nf is an isomorphism. 

To establish the isomorphism H2{F /N\) Q, consider the Hochschild-Serre spectral 
sequence [21] (also called the Lyndon-Hochschild-Serre spectral sequence) related 
to the short exact sequence 1 N/Ni F/Ni — >7r— > 1. Recall that this spectral 
sequence has the form 

(35) Ejg = Hp{TT,H,iN/Ni)) =^ Hp+,{F/Ni), 

where the local coefficients Hq{N /N\) is the Z[7r] -module corresponding to the 
action Ad| : vr Aut{Hq{N /N\)), which is induced by the action Adyr \n/Ni- ^ ~^ 
Aut(N/Ni) given by conjugation: (gN) ■ (xNi) = gxg^^Ni, g e F, x e N. By 
Proposition 4.1, H\{N/N\) « (Z[7r],+) and the action Ad^^ is given by the left 
multiplication. Thus, from Lemma 4.3, we have that E^^ = //p(7r, Z[7r]) = for > 1 . 
By Lemma 4.4, we have £"30 = Ht,{'k) = 0, which implies = E^. 

Let us show that H2{F/Ni) ^ El^. If B [F, F] then, by Lemma 4.4, eIq = E^ = 
0, and thus we get H2{F/N\) = E^2- Consider the remaining case, B G [F, F]. 
Observe that both groups — ^2{t^) and E^^ = Hq{tt ,'L{t\:Y) are isomorphic to 
Z, due to Lemmas 4.4 and 4.3, respectively. On the other hand, the isomorphism 
Hi(F/Ni) w F"'' « tt''^ w //i(7r) = Ej^ = E^ and (35) for p + ^ = 1 imply 
E^ = 0. Thus the differential : ~^ ^01 isomorphism, and it follows that 
H2{F/Ni) ^ EI2 = //o(vr,//2(A^"*)). 
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Now, due to Proposition 4.2, HiiN ) is isomorphic to where 7 = (vr x 

TT \ A)/i;2, and the corresponding action Ad^ : vr AutiHiiN"^)) ^ Aut(Z[/]) 
is given by ( ■ = gj^^^^}, for each pair (^,Ty) e /i, and ^ G vr, where 

/i C vr X TT \ A is chosen to be invariant under Ad^ , see Proposition 4.2. Therefore 
= HoiTr,H2iN''^)) ^ Ho{'ir,Z[J]) is isomorphic to the quotient of Z[J] by the 
system of relations e^^,^j ~ ^{CS>C»?}' ('?'^) € /i, C G ^r. Hence it is isomorphic to 

To prove that (33) defines a homomorphism , observe that the canonical projec- 
tion A'^i/[A'^, A'^i] — > N\/[F,N\] factors through the canonical projection of the group 
Ni/[N,N\] onto the quotient of A'^i/[A'^, A'^i] by the system of relations pN,in) ~ 
PNi{gng~^), n ^ N\, g ^ F , where pj^^ : N\ —>■ Ni/[N,Ni] is the canonical projection, 
see also Proposition 4.2. Due to the isomorphism A^i/[A^, A'l] —>■ from Propo- 
sition 4.2, we obtain the system of relations e^^j^y ~ ^{C^C*?}' (^'^) € 7i, C £ 
on Z[/] . This system of relations determines the obvious equivalence relation ~ 
on the basis ^{^,7,}, i^,'']) ^ J\, of Thus the desired quotient of is the 

free abelian group r^], where the equivalence classes of ~ form a basis. This 
gives the desired isomorphism Ni/[F,Ni] w Z[7/ ~] = Now (33) follows by 
observing that the equivalence class of ^{h,,!;,} = '?A'i([-Bii, ,SvJ) in / corresponds to 
PQ{Uj~^Vj) = qMriVBuiiJ^vj]) under the isomorphism Z[/] « Q. 

Now the presentation (34) follows by observing that the natural epimorphism of 
N/[F,N\] to the group in the right-hand side of (34) sending Bu[F,Ni] ^ x^, u € W , 
is well-defined. It has a trivial kernel, because one can easily construct its inverse. □ 

Remark 4.6 Our first derived equation is the "projection" of the equation (8) in N 
to the quotient A'^"^ = N/[N,N], see Theorem 5.1. Our second derived equation is 
the "projection" of the equation (8) to the quotient [N,N]/[F, [N,N]], via choosing 
suitable representatives of the solutions of the first derived equation, see Theorem 5.10. 
Observe that the subgroup [A'^, N] is the second term r^(A'^) of the lower central series 

t\n) = n, r'+ ^ (N) = [N, r{N)] , / > 1 , 

of the group A', while the subgroup [F, [A^, A^]] is the third term r^(A^) of the lower 
central series 

T'piN) = N, T'+\N) = [F, T'iN)] , / > 1 , 

with respect to the action of the group F on A^ by conjugation, that is g ■ x = gxg~^ , 
g ^ F , X ^ N . We recall (see Hilton [16], or Hilton, Mislin and Roitberg [17, 
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Section 11.2]) that if a group G acts on a group H then the lower central series with 
respect to the action of G on H is defined as 

V\,{H) = H, r'+\H) = gr{{g ■ x)yx-'y-' \ g € G, x e r(H), y£H},i>L 

Here g ■ x means the action of the automorphism defined by g on the element x, T'{H) 
is the usual lower central series of the group H, and gr 5 denotes the minimal subgroup 
of H containing a subset S C H. 

4.3 The groups N/[F, N] and [F, N]/[F, [F, N]] 

Here we study the quotients corresponding to the subgroups D [F, A'^] D [F, [F, N]] . 
One can apply them to study existence of solutions of equations in free groups. However, 
the results of this subsection are not used in our applications, and can be skipped in the 
first reading. 

Proposition 4.7 Under the hypothesis of Proposition 4.1, the group N/[F,N] is 
isomorphic to Z . Moreover, there exists a short exact sequence 

1 ^ [F,N] ^Z^O, 

where i is the canonical inclusion, q^: N ^ (Z[7r],+) is the epimorphism given 
by (26), while e : Z[7r] Ia is the augmentation. 

Proof The first assertion follows in a straightforward way from the 5-term exact 
sequence obtained from the short exact sequence (24), namely 1—>-N—>-F^tt—>-1, 
by means of (30). In detail, if B e [F,F] then //2(F) = 0, F"'' vr"^ is an 
isomorphism, and //2(7r) ^ Z, due to Lemma 4.4. Therefore //2(vr) N/[F,N] is an 
isomorphism, hence iV/[F,A^] Z. Suppose that fi [F,F]. Then ker(F''^ vr"^) « 
Z, and H2{tt) = 0, due to Lemma 4.4. Therefore A^/[F, A^] « ker{F"-'' vr"'') « Z. 

To prove the second assertion, observe that the composition eqN : N ^ Z sends 
B I— > 1 , hence it is an epimorphism. Next we show that the kernel of eq^ equals 
[F,N]. The inclusion ker(e^A?) D [F,N] follows from the fact that [F,N] is generated 
by the elements [m,Bv] G [F,N], u,v £ F, due to commutator calculus, while 
[m,Bv] = BuvB~^ is mapped to 1 — 1 = under eq^, thus [u,By] e kerisq^). 
The converse inclusion follows by observing that any element u G ker(eqi\i) has the 
form u = Bu\ . . . Bf,^ , for some r, ci, . . . , S Z, r > 0, u\, . . . ,Ur E F, where 
ci + . . . + Cr = 0. Clearly, the projection of u to the quotient N/[F,N] equals the 
projection of the element B''' . . . B'' = B° = 1 to N/[F, N] , thus u £[F,N]. □ 
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Proposition 4.8 Under the hypothesis of Proposition 4.1, 

[F,N]/[F, [F,N]] « H2{F/[F,N]) « H,{Tr) « 7^'^^ 

Moreover, there exists a short exact sequence 

1 ^ [F, [F,N]] [F,N] it"'' 0, 

where if is the canonical inclusion, qp is an epimorphism sending qp : [n, g] 
eqN{n) ■ Pabig) G ^r*^^ , n £ N , g ^ F . Here one uses an additive notation for the group 
operation in t:"-^ , pab '■ vr tt'*^ denotes the canonical projection, qi^: N ^ (Z[7r], +) 
is the epimorphism defined by (26), e : Z[7r] Z is the augmentation. 

Proof Let us prove the first assertion. Consider the 5-term exact sequence 

//2(F) ^ H2{F/[F,N]) ^ [F,N]/[F, [F,N]] ^ F'''' ^ {F/[F,N]r'' ^ 

obtained from the short exact sequence 1 —>■ [F,N] F ^ F/[F,N] —>■ 1 by means 
of (30). Since H2(F) = and F"^ (F / [F , N])"'' is an isomorphism, it follows that 
H2{F/[F,N]) [F,N]/[F, [F,N]] is an isomorphism. 

Similarly to the proof of Proposition 4.5, consider the Hochschild-Serre spectral 
sequence related to the short exact sequence 1 —^N/[F,N] F /[F,N] — > vr — > 1 . 
Since N/[F,N] w Z by Proposition 4.7, the spectral sequence has the form 

Ef,^ = Hp{7T,H,iN/[F,N]))^Hpi7T,H,iZ)) =^ Hp+,{F/[F,N]), 

similarly to (35), where the local coefficients Hq{'L) is the trivial Z[7r] -module. Since 
Hq{'L) ^ //i(Z) « Z and //^(Z) = for ^ > 2, while the homology of vr vanishes in 
dimension 3 (due to Lemma 4.4), the only possible non- vanishing terms are those 
with q = 0,1 and /» 7^ 3. In particular, = 0, F30 = Hi,{Tr) = 0, and therefore 

E^,=Ej,=HiiTT). 

Let us show that = = 0. If 6 [F, F] then, by Lemma 4.4, F^q = 7^2(vr) = 0. 
Suppose that B G [F, F] . Then Fjq = H2(7r) w Z by Lemma 4.4, moreover the 
projection iF/[F, N])"''' — > Hi (vr) = Fjq is an isomorphism. Therefore • ^20 ~^ ^01 
is an isomorphism, hence F^ = F|q = 0. 

Since Fq2 = and Fjg = 0, we have the desired isomorphism H2(F/[F,N]) F^ = 
£?i =^i(vr). 

Let us prove the second assertion. We shall represent elements of the quotient 
[F, Af]/[F, [F, A^]] by elements of [F,N], identified under the congruence relation 
gi = g2 modulo [F, [FjA'^]], and shall write gi = g2 whenever gig2^ G [F, [F,N]]. 
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Observe that every element w € {F,N^ can be written in the form w = [B, a], for 
some u £ F, due to the following congruences: [Bu,v] = [B,u^^vu] and [B,uv] = 
[B, u][u, [B, v]][B, v] = [B, u][B, v] for any u,v £F. 

Let us show that there exists an epimorphism p: vr'**' — > [F,N]/[F, [F,N]] sending 
Pabiit) '—>■ Pf{[B, m]), u e F, where pf : [F,N] [F,N]/[F, [F,N]] is the canonical 
projection. To show that such a map p is well-defined, we use commutator calculus and 
the following observations. Using [B,By] = [B, [v,B]] £ [N, [F,N]] C [F, [F,N]], v G 
F, one shows that [A^, A^] C [F, [F, N]] , which imphes [B, un] = [B,u] [B, n] = [B, u] for 
any m G and n £ N . Furthermore, using one of the Witt-Hall identities (see Magnus, 
Karrass and Sohtar [31, Theorem 5.1, (1 1)]) one can show that [A^, [F, F]] C [F, [F, A^]] , 
which implies = [B,m][B,/'] = [B,u\ for any m e F and/' E [F,F]. The 

map /7 is a homomorphism, since [B, mv] = [B, m][B, v] for any u,v G F, see above. 
Therefore the map p is an epimorphism. 

Since vr"'' k, [F,A^]/[F, [FjA^]], and vr*^^ is a finitely-generated abelian group, it follows 
that any epimorphism vr"^ [F,A^]/[F, [F,A^]] is an isomorphism. Therefore the 
epimorphism p is an isomorphism. It follows that the composition p^^pr '■ [F, A^] — > 
tt""^ is an epimorphism and satisfies the desired properties. □ 



5 Derived equations in Z[7r] and Z[7r\{l}]/ ~ 



The quadratic equations under consideration are the equations (l')-(4') of Section 3.3 
with two unknowns x S A/, y S F2 in the free group F2 = (a,/3 |) of rank 2, 
see Theorem 3.14. Actually these equations are in the subgroup A^ = ((B)) where 
B = af5a~'^ f5~^ . To prove some further non-existence results, we will apply the 
algebraic approach developed in Section 4. For each of the equations (2'), (3') and (4') 
in A^, we will construct two derived equations, which are in fact "projections" of 
the equation to the abelian quotients N /N\ and A^i/[F2,A^i], respectively, described 
in Section 4, see Propositions 4. 1 and 4.5, where A^i = [A^, A^] . The first derived equation 
is an equation in the group ring Z[7r] of the fundamental group tt = tts = F2/N of the 
corresponding target surface (this group ring, as an abelian group, is isomorphic to the 
abelianised group A'^, see Proposition 4.1). The second derived equation is an equation 
in the quotient Q of Z[7r] , see (7), and it is obtained by "projecting" the equation to 
this quotient (actually, to A^i/[F2,A^i] ~ Q, see Proposition 4.5), via choosing suitable 
representatives of the solutions (if there exists any) of the first derived equation. 
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5.1 The first derived equation 

Here we will construct the first derived equation for each of the equations (2'), (3') 
and (4') of Section 3.3. Due to Theorem 3.14, or Corollaries 3.9(A) and 3.11, we 
can assume, without loss of generality, that x ^ N , for a solution {x,y) of (8). So, 
the left-hand side of the equation (8) is the product of x and yx^^y^^ where both 
elements belong to A^. The right-hand side is also the product of two elements of A^, 
whose projections to A^'^'' = N/[N,N] (Z[7r], +) are and 1 , respectively, where 
V = Pwiv) and p^r : F2 ^ it is the projection, see (25), (26). So, we can project both 
sides of the equation to N"^ = N/[N,N] , and we get: 

Theorem 5.1 Suppose that (x,y) is a solution of the equation (8) with x £ N = 

{{aPa-'p-^)), yeF2 = {a,l3\). Let ~x = q^ix) G Z[7r], y = pAy) G vr = F2/N 
be the images of x, y under the projections qN-N—>- (Z[7r], +) « A'^"^ = N/[N,N] 
and Pt^: F2 ^ it, respectively. Here the natural identification of N"-^ , the abelianised 
group N , with the group (Z[7r] , -|-) is given hy (25), (26). Then the pair (x, y) satisfies 
the following equation called the first derived equation: 

(36) (1 - 5y)x = 1 + i?v 

in the group ring IjItt] , with the "unknowns" y £ tt and x G Z[7r] . Moreover, the 
properties (17), (20) are valid. Furthermore, any solution {x,y) of (36) satisfies (20). 

Proof The group A^ '^^ is isomorphic to the abelian group (Z[7r] , +) , see Proposition 4. 1 . 
Under this isomorphism, the element B = af5a^^ [3^^ £ N is identified with 1 G vr C 
Z[7r] , and fi„ with u £ tt C IjItt] , thus the right-hand side of the equation is identified 
with I + -dv. Moreover, the conjugation of fi„ = uBu~^ , m G F2, by an element z G F2 
equals fi^,,, which is identified with zii G vr C Z[7r] . It follows that the projection of the 
left-hand side to A^'^'' equals x — 5yx = (1 — 6y)x, which gives (36). The properties (17), 
(20) are due to Remark 3.12. 

Let us derive the property (20) from (36). Suppose that (x,y) G Z[7r] x vr is a solution 
of (36). Consider the left action of the infinite cyclic group {t) f« Z on vr via t ■ g = yg, 
g £ IT. Consider the orbits Og = Z-^, ^ G vr. For any ^ G Z[vr], denote by G Z[C'g] 
the image of x under the projection Z[vr] — > XlOg], g G vr. It follows from (36) that 
(1 — 6y)xi = 1 + i^v if V G Oi , and (1 — 6y)xi = 1 if v Oi . Since the augmentation 
of the left-hand side is even, this implies v G Oi = (j) , thus v = y'^ for some /c G Z. If 
3^ = 1 and 6 = — I, the property (20) is now obvious, since it is equivalent to 1 = 1^ 
and (— l)^?? = — 1 , for some /c G Z. In the remaining case (y 7^ 1 or 5 = 1), consider 
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the homomorphism x'- (5')^^* = {1)— sending y ^ 5 {it is well-defined, 
since vr is a torsion free group). By extending x linearly to the group ring Z[(j)], 
one obtains the x-twisted augmentation s^: ^[(j)] — > Z. From above, we have 
(1 — 6y)xi = 1 + 'dy'^, where xi G Ij[{y)], a Laurent polynomial in y. Since x-twisted 
augmentation of the left-hand side vanishes, we have = e^(l + ■dy'^) = 1 + 'dS'^ . This 
completes the derivation of (20) from (36). □ 



5.2 Solutions of the first derived equation in the "mixed" cases 

Here we study separately the solutions of the first derived equation (36) in the mixed 
cases described in Remark 3.16 and Definition 3.15, see also Tables 2 and 3. Recall 
that, for any solution {x,y) G (Z[7r]) x vr of the first derived equation (36) in a mixed 
case, V belongs to the cyclic subgroup of vr = vr^ generated by y^ , see Theorem 3.14(5). 
We will call a solution {x,y) of (36) faithful if Weiy) = 6, see (17). 



Case of the equation (2') 

Here 6 = I , e = —I . We will only consider non-faithful solutions of (36) for ?? = — 1 , 

V S such that v = pk(v) = P^" , n G Z, see Remai^k 3.16. Denote cl = f3a~^ , 
L G Z. 

Lemma 5.2 For the equation (2') with "9 = — \ , the non-faithful solutions of the first 
derived equation (36) are described by 

(2i) (1 —y)x = 1 — V, where W-(y) = —1, 

in Ij[tt], with the unknowns x G ^[vr], y G vr, where it = -k^. For v satisfying 

V = pk{v) = /3^", « G Z, the solutions of the equation (2i) are given by 

{ 1+ci+cf +...+ci"-^ «/£>o, 

0, « = 0, 

-Cl"^ - Cl"^^ - ... - 4", < 0, 

where L G is arbitrary, and £ runs over the set of all odd divisors of n . For n = we 
assume that I is any odd number. 

Proof The equation (20 follows from Theorem 5.1. Suppose y = a^j3^ . Because the 
solution is non-faithful, it follows that i is odd. Since v = j3^" belongs to the subgroup 



i — Cl 
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generated by it follows that v = = (a^(3^)'^, for some k £ Z. This implies that 
^ is a divisor of 2n. Thus y has the form given by the second part of the Lemma. It 
follows by a straightforward calculation that all values of (x,y) given by Lemma are 
solutions. That they are the only solutions follows from the fact that the group ring 
Z[7r_] has no zero divisors, since 7r__ is a solvable torsion free group, see KrophoUer, 
Linnell and Moody [25, Theorem 1.4]. □ 

Remark 5.3 Later, the following representatives {xi £,yi £) G x F2 of the solutions 
(x, y) of (2i) from Lemma 5.2 will be used: 

yt/ = ci = i^a-^^Y, 



xli = < 



B li,-lB 2n-2lB 2n-il . . .BjB, «/t > 0, 

i 

1, « = 0, 



B2B 2n+lB 2n+2l ■ ■ ^ l^B u/i <0, 

V '■L 

where B = aj3al3~^ , ^ 7^ is any odd number if n = 0, or any odd divisor of n if 
« / 0, thus the number of factors in the expression for x^,^^ is even and equal to 2\n/l\. 

Case of the equation (3') 

Here 5 = — \ , e = \ , and all solutions are non-faithful. We will consider only the case 
where i9 = — 1 and v = Pt{v) = cP''^fP'" , see Remark 3.16. 

If \m\ + \n\ > 0, let us denote d = gcd(ni,?i) and c = q'"/"^/?"/"^ . 

Lemma 5.4 For the equation (3') with d = —\, the solutions of the first derived 
equation (36) are described by 

(3i) (\+y)x=\-v 

in Z[7r], with the unknowns x € ^[vr], y £ 7:, where it = n^. For v satisfying 
V = Pt{v) = dP''"P^", m,n e Z, \m\ + \n\ > 0, all solutions of this equation are given 
by 

y = -c', 



where £ ^ is any divisor of d = gcd(m, n),c = a™/^^"/^ . If v satisfies v = priv) = 1 
then all solutions are given by x = and y G vr is any element. 
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Proof The equation (3i) follows from Theorem 5.1. Let v = a^'^fd^" and y = a^^\ 
m,n,r,s G Ij. Suppose \m\ + \n\ > 0. Since v belongs to the subgroup generated by 
, it follows that v = = a^^''^^*^'^ , for some k £ Z. This implies kr = m, ks = n, 
thus A: is a divisor of d, and y = a^f^^"/^ = where I = d/k. Thus y has the form 
given by the second part of the Lemma. It follows by a straightforward calculation 
that all values of {x,y) given by Lemma are solutions. That they are the only solutions 
follows from the fact that the group ring Z[7r_|_] has no zero divisors. 

Suppose m = n = Q, thus v = 1 , and the right-hand side of the equation (3i) vanishes. 
Since \ + y ^ in Z[7r] for any J' G vr, it follows that x = 0, since the group ring 
1j['7t+] has no zero divisors, since it is a polynomial ring. □ 

Remark 5.5 Suppose that v ^ 1, thus v = a^™/?^" with \m\ + \n\ > 0. Denote 
d = gcd(m, n), c = a'"^'^fi"^'^, B = aj3a~^ [5~^ . Later, the following representatives 
{xi^yt) e N X F2 of the solutions {x, y) of (3i) from Lemma 5.4 will be used: 



where ^ / is any divisor of d, thus the number of factors in the expression for Xi is 
even and equal to 2d/\i\. 

For V = 1 , we will use the representatives x^£ = 1 and y/, ^ = a^P^ , where L,£ e Z. 
Actually L, £ coincide with the exponents in the canonical form of y G 7r+ , see (19). 

Case of the equation (4') 

Here 6 = e = —I. First we consider the case of faithful solutions where = — 1 and 
V = Pa-(v) = see Remark 3.16. 

As above, we denote cl = I3a~^ . 

Lemma 5.6 For the equation (4') with ■§ = —\, the faithful solutions of the first 
derived equation (36) are described by 

(4j) (1 +y)x = 1 — V, where w_(j) = —1, 

Qeometry & Topology Monographs 14 (2008) 





256 



Daciberg L GongalvesElena KudryavtsevaHeiner Zieschang 



in Z[7r], with the unknowns x G Z[7r], 3^ G vr, where vr = 7r_ . For v satisfying 
V = pk{v) = j3^" , n ^'L,the solutions of this equation are given by 



1 



-p.2n 



1+C 



c 



2n-e 



n/e > 0, 
n = 0, 

^-L ~ -r----ri-L ~ ' n/i<0, 

where L ^ X is arbitrary, and £ runs over the set of all odd divisors of n . For n = Q we 
assume that I is any odd number Compare Lemma 5.2. 



, -2^ + . . . + -cf+^ 



Tan 



Proof Similar to that of Lemma 5.2. 



□ 



Remark 5.7 Later, the following representatives (xi^ f,yi£) € N x F2 of the solutions 

yL,e = ci, 



(x, y) of (4[) from Lemma 5.6 will be used: 



XL, 



B 2d-2iB 2d-Ai . . .B/ltBB }B 1} . . . B ■}i_^fB ->J « , 

L 



r-1r-i 



■ B }acB \iB -iB 



B 



Id+ilB 2d+l, 



n/l > 0, 
n = 0, 
n/£ < 0, 



where cl = (3a~^ , B = a(3aj3~^ , ^ 7^ is any odd number if n = 0, or any odd 
divisor of « if « 7^ 0, thus the number of factors in the expression for x^e, is even and 
equal to 2\n/£\ . Compare Remarks 5.3 and 5.5. 



Now consider the case of non-faithful solutions where -d 



see Remark 3.16. If \m\ + \n\ > 0, we denote d = gcd(m, n), c 



a 



"i/d 02n/d 



Lemma 5.8 For the equation (4') with -& = —I , the non-faithful solutions of the first 
derived equation (36) are described by 

(4f ) (l+y)x=\ - V, where w^{y) = 1, 

in Z[7r], with the unknowns x G Z[7r], j G vr, where 11 = ^-. For v satisfying 
V = pj.{y) = cp-"'j3^'', m,n £ Z, \m\ + \n\ > 0, all non-faithful solutions of this 
equation are given by the same formulae as in Lemma 5.4: 



y = c 



7.2d 



1 - + c' 



2£ 



+ C 



2d -21 



7.2d- 



C + . . . 



^2d+2t _^ ^2d+l _ ^2d 



>o, 
<o, 
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where £ ^ is any divisor of d = gcd(m,n), c = a 

m/dp2n/d_ jf ^ satisfies 

V = pk{v) = 1 then all non-faithful solutions are given by: x = and y G vr is any 
element satisfying w-(y) = 1. 

Proof Similar to that of Lemma 5.4 (see also the end of the proof of Lemma 5.2). □ 

Remark 5.9 Suppose that v 7^ 1, thus v = a^'"/?'*" with \m\ + \n\ > 0. Denote 

d = gcd{m,n), c = a 

m/d02n/d^ B = al3a(3-y We will later use the following 
representatives G x F2 of the solutions {x,y) of (4"*) from Lemma 5.8. We 

define these representatives by the same formulae as in Remark 5.5. 

For V = 1 , we will use the following representatives: x^i = 1 , ^ = a^0^^ , where 
L,l ^Tj. Actually L, 2£ coincide with the exponents in the canonical form of j G vt- , 
see (19). 

5.3 The second derived equation in the "mixed" cases 

In order to find further properties of the solutions of the equations (2'), (3') and (4') in 
the "mixed" cases (see Section 3.3, Tables 2 and 3, Remark 3.16, and Definition 3.15), 
we will construct the second derived equation {I2) (resp. (32) or (4"^)) for the 
equation (2') (resp. (3'), or (4'))- More specifically, for every solution of one of the first 
derived equations (2i), (3i), (4j), and (4"') (see Lemmas 5.2, 5.4, 5.6 and 5.8) we will 
construct an equation in the free abelian group Q, see (7), which is the quotient 

(37) Q = Qe = {n^\{l}\)/{g+g~' |5G7r\{l}), with TT = TT, = F2/A^, 

of the free abelian group Z[7r \ { 1 }] by the system of relations g ^ —g~ ' , g G vr \ { 1 } , 
where A'^ := {{af3a~^ (3^^)) . (This quotient is isomorphic to [N,N]/[F2, [A^,A^]], see 
Proposition 4.5.) Consequently, we will obtain (in Theorem 5.10) an equation, which we 
will call the second derived equation, in two unknown "polynomials" X G 2, F G Z[7r] , 
and some integer unknowns which enumerate the solutions of the first derived equation. 

As an application of the second derived equation, we will obtain the non-existence 
results stated in Tables 4 and 5, see Section 7. For this, we will use the following 
property of the derived equations, which follows from Theorems 5.1 and 5.10: the 
non-existence of a solution of either the first or the second derived equation implies 
the non-existence of a (faithful or non-faithful) solution of the corresponding quadratic 
equation (8) in N . 
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Case of the equation (2') 

Here 5 = \ , e = —\, and we may assume that -d = —\ and v = G tt , n E Z , 
vr = 7r_ , see Table 3 and Remark 3.16. We consider the following pair of derived 
equations (corresponding to non-faithful solutions). The first derived equation is (2i) 
in Z[7r] , vr = 7r_ , with the unknowns j G vr and x G Z[vr] , see Lemma 5.2. By this 
Lemma, the solutions have the form y = yi^i = a p , x = xi^£ = i_^L0i for 
L,£ £Z such that 

(38) i\n if riy^O, and lis odd 

(the latter condition corresponds to the fact that a solution to be found is non-faithful). 
Our second derived equation will be the following equation in the quotient Q = Q , 
see (37): 

where pq: Z[vr] Z[vr \ {1}] Q is the projection, ip G Aut(_F2) denotes the 
automorphism sending a a, /3 i— > /3a, and B = B = aPa/3~^ i-^ B,as well as the 
induced automorphism of Q. The parameter V G Z[vr] of the equation (22) is defined 
via 

(39) v = von^v;' V = J^«/v,-, vo = 

see (26), while the unknowns are (L,£,X, Y) with L, ^ G Z as in (38), and X G Q, 
y G Z[7r] . Remark that the unknown X does not contribute to the equation (22), thus X 
can be arbitrary. 

In the special case n = 0, the second derived equation (22) has the form = Pq{V) with 
the unknowns L,£ G Ij, £ odd, and X G 2, ^ G Z[7r] . Since no unknown contributes 
to this equation, a solution exists if and only if pq{V) = 0, moreover if pq{V) = then 
arbitrary values of the unknowns determine a solution. 



Case of the equation (3') 

Here 6 = —I , e = I , and we may assume that ^ = —I and v = a^'"/?^" G vr, m, n G Z, 
vr = vr_(_ , see Table 3 and Remark 3.16. For the equation (3') (it has only non-faithful 
solutions) we consider the following pair of derived equations. The first derived equation 
is (3i) in Z[vr], vr = vr_(_, with the unknowns 3) G vr and x G Z[vr], see Lemma 5.4. By 
this Lemma, for |m| + > the solutions have the form y = y£ = , x = X£ = ttt 
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where d = gcd(m,n), I ^ % such that i \ d, and c = a"'/^/3"/^ € vr, while for 
m = n = Q the solutions have the form y = yi^i = a^f3^, x = = where L,l ^2,. 
Our second derived equation will be the following equation in the quotient Q = , 
see (37): 



(32) 



2X = pq{V) ifm = ?i = 0, 



where pq : Z[7r] —>■ Z[7r \ {1}] — > 2 is the projection. The parameter V € Z[7r] of the 
equation (32) is defined similarly to above, with vr = 7r_|., B = = a/3a~^/3~\ via 



(40) v = von^v;' V = ^niVi, vo 



c^'', |m| + \n\ > 0, 
1, m = n = 0, 



while the unknowns are either (i,X, Y) with ^EZ,£|cf,Xe2,FG Z[7r] if 
\m\ + > 0,or {L,£,X,Y) with L,^ E Z, X G 2, F e Z[7r] ifm = n = 0. 

In the special case m = n = 0, the second derived equation (32) has the form 
2X = pQiV) with the unknowns L,£ ^ Z, X £ Q, Fe Z[7r] . It admits a solution if 
and only if 2 | pqiV), moreover for 2 | pq{V) the value of X is uniquily determined, 
while the unknowns (L, F) take arbitrary values, in order to determine a solution. 



Case of the equation (4'), non-faithful solutions 

Here 5 = e = —\, and we may assume that ■§ = —\ and v = a^'"^^", m,n E Z, 
TT = 7r_ , see Table 3 and Remark 3.16. We consider the following pair of derived 
equations (corresponding to non-faithful solutions). The first derived equation is (4"^) 
in Z[7r], vr = 7r_, with the unknowns 3) E tt and x E Z[7r] such that w-{y) = 1, 
see Lemma 5.8. By this Lemma, for \m\ + \n\ > the solutions have the form 
y = yi = , ^ = = where d = gcd(m,n), £ E Z such that £ \ d, and 

c = a'"/''/?^"/^ E vr, while for m = n = the solutions have the form y = y^g = 
X = xl^£ = where L,^ E Z. Our ^eco«J (ienVefi e^wafton will be the following 
equation in the quotient Q = 2_ , see (37): 

(4nf) h^-PQ{jTF^'^) ifH + l«l>o, 

[ 2X = PQiV) ifm = n = 0. 

Here the projection pQ and the polynomial V E Z[7r] are defined as in (40) with 
TT = TT- , 6 = 6- = a/?a/3~\ c = a'"/'' P^"/'' , while the unknowns are either {£,X, Y) 
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with ^ e Z, £ I J, X G 2, F G Z[7r] if \m\ + \n\ > 0, or (L,i,X,Y) with LJ G Z, 
XeQ,Y e Z[7r] iim = n = 0. 

In the special case m = n = 0, the second derived equation (42^) has the form 
2X = pq(V) with the unknowns L,£ e Z, X £ Q, Ye Z[tt]. As above, it admits a 
solution if and only if 2 | pq(V), moreover for 2 | pq(V) the value of X is uniquily 
determined, while the unknowns (L, £, Y) take arbitrary values, in order to determine a 
solution. 

Case of the equation (4'), faithful solutions 

Here 6 = e = —I, and we may assume that t9 = — 1 and v = , « G Z , vr = 7r_ , 
see Table 2 and Remark 3.16. We consider the following pair of derived equations 
(corresponding to faithful solutions). The first derived equation is (4* ) in Z[tt] , tt = 7r_ , 
with the unknowns y e ir and x G Z[7r] such that W-(y) = — 1 , see Lemma 5.6. By 
this Lemma, the solutions have the form y = y^i = a (3 , x = xl/ = i^g^t^i where 
L, £ G Z satisfy (38) (the latter condition in (38) corresponds to the fact that a solution 
to be found is faithful). Our second derived equation will be the following equation in 
the quotient Q = Q , see (37): 



Here the projection pQ, the automorphism 99 of 2, and the polynomial V G Z[7r] are 
defined as in (39), while the unknowns are (L, £, X, Y) with L, £ G Z as in (38), and 
X£Q, FGZ[7r]. 

In the special case n = 0, the second derived equation (43) has the form 2X = pq{V) 
with the unknowns L, ^ G Z, £ odd, and X G 2, F G Z[7r]. As above, it admits a 
solution if and only if 2 | Pq{V). Moreover, if 2 | Pq{V) then the value of X is uniquily 
determined, while the unknowns (L, £, Y) take arbitrary values, in order to determine a 
solution. 

Theorem 5.10 Under the hypothesis of Theorem 5.1, suppose that vq G is the 
representative of v ^ tt, as in (39) or (40), and (x,y) is a solution of one of the 
equations (2'), (3') or (4') from Section 3.3, in a "mixed" case, see Remark 3.16 
and Tables 2 and 3. Let (xL/,yL,e) be the corresponding representative, given by 
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Remarks 5.3, 5.5, 5.7 and 5.9, of the solution ix,y) G (^[vr]) x it of the corresponding 
first derived equation (2i), (3i), (4i) or (4"*) (see Lemmas 5.2, 5.4, 5.6 and 5.8) where 
the subscript L is not necessarily present. Let X ^ Q, Y ,V ^ Z[7r] he the images of 
the elements x^\x G [N.iN], yj^\y-, v^^v ^ N under the projections qi^^ : [N,N] 
Q « [N,N]/[F2, [N,N]] and qN' N (Z[7r], +) « N^K respectively: 

X = qNpix^^^x) £ Q, Y = qNiyl^^y) £ I^M, V = qNivQ^v) £ Z[7r], 

where the natural identifications N"^ « (^[vr], +) and [N,N]/[F2, [A^,A^]] ^ Q are 
given hy (25), (26), and (32), (33). Then the quadruple (L,£,X,Y) (or the triple 
(£,X,Y), respectively) satisfies the corresponding equation (22), (32), i^l) or (42^), 
described above, called the second derived equation. 

5.4 Derivation of the second derived equation 

Here we give a proof of Theorem 5.10, that is we derive the equations (22) and (32) 
from the equations (2') and (3'), respectively, and the equations (A2) and (42^) from the 
equation (4'), in the "mixed" cases, see Section 3.3 and Remark 3.16. 

The following three technical Lemmas will be useful for deriving the second derived 
equations (22) and (4|) from the equations (2') and (4'), respectively. 

Lemma 5.11 In the free group F2 = (a, /3 |), put B = al3a(3~^ and denote = 
uBu~^ , u £ F2. Then, for any L £%, 

, , , B^L-\B^L-i . . -BaB, L > 0, 
B-^B'l.^ L<0. 

If N = {{B)) and vr = 7r_ = F2/N then, under the projection q^: N ^ 
(Z[7r],+) « A^"^ = N/[N,N], see (25), (26), the element a^[ja^[j-^ is mapped to 
q^(a^/3a'^/3-^)=l^. 

Proof Let us calculate a^Pa^P" ^ . For L > we prove the formula by induction. 
For L = 0, 1 the formula is obviously true. From the formula for L > 1 we get the 
formula for L + 1 as follows: 

a^+^/3a^+^/3~' = a(a^/3a^/3~')a~^a/3a/3"^ = a{B^L~,B^L-i . ..BaB)a~^ ■ B 

= (Bq,lBq,l 1 . . . B^2Ba)B = . . . BaB. 

Using the above formula, we get the formula for L < : 

a^Pa^P"^ = a^ia'^Pa'^P'^r^a'^ = a^B^-t-iB^-t-i . ..BaBy^a'^ 
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a^{B-^B-\..B-\ ,B-\ ,)a-^ = B-Ib-I.^...B-\B-\ 



In the abelianised group N, which is identified with (Z[7r_], +), see Proposition 4.1, 
we have 

1 - 
I — a 



qN{a^(3a^(3'^) = qNiB^L^iB^t-i . . . B^B) = a"^'^ + . . . + a + 1 



L-l I -L-2 



if L > 0, and 
if L < 0. 



a 



_i l-a^ 



l-a 



□ 



Remark 5.12 Under the assumptions of Lemma 5.11, one can prove the following 
generalization of the formulae from this Lemma, for arbitrary L, ^ E Z where i is odd: 



if L > 0, and 



nLi 
nLi 



(£-l)/2 



B 



-1 



1 "a^+'-l'l3<^ 

(-e-i)/2 



B^L~k 



,L+l-kfll+li 



B~ 



lk=L 



Lk=L 



n- 



=(l-£)/2 

,B„ 



nr=n 



(l-^)/2^a*+'/3'^+2' 

,B- 



e>o, 
e>o, 

i<0 



=(l+Q/2 ^ai'/S^J I li=(l+e)/2 ^at+i/3<!-2,- 

if L < 0. Observe that the formulae for L < can be easily obtained from the 
formulae for L > via the identity a^P^a^P~^ = a^ia^^P^a^^P^^y^a^^. The 
above formulae (for L > 0) can be proved either by straightforward calculations, or 
geometrically, by identifying the subgroup = ((B)) with the fundamental group of 
a suitable covering of the punctured Klein bottle, and interpreting elements of A' as 
based loops on this covering, considered up to the based homotopy. In more detail, we 

o 

consider a punctured Klein bottle K* = K\D with base point P G dD, where K is the 
Klein bottle, and D C K a closed disk. We interprete K as the quotient of the Euclidean 
plane K by the free action of the group vr = F2/N on K by isometrics of the plane, 
in a usual way. We can also identify iri{K,P) = vr, 'iti{K*,P) = F2, and the element 
B = aPaP~^ G F2 with the homotopy class of the (suitably oriented) boundary circle 
dK* . Consider the covering K* of K* corresponding to the subgroup A' = ((B)) . It 
is a punctured plane with infinitely many punctures, moreover the inclusion K* --^ K 
lifts to an inclusion K* ^ K. Let us consider a based loop 7 on A'* , whose homotopy 
class equals [7] = a^P^a^P~^ S F2. Since [7] e A^, this loop lifts to the covering K* . 
The obtained based loop 7 on K* can be considered as a rectangle of "width" L and 
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"height" £ on the plane K. Representing the elements B„, a G F2, by suitable based 
loops on k* , one can decompose the element [7] G A^^ into the product of Bu, u ^ F2, 
in many different ways. One can check that the above formulae give one of the ways 
for such a decomposition. 



Lemma 5.13 Suppose n,L € Z, n ^ 0, cl = Pa ^, B = a[3a(3 ^ . Then 



p-^"cl" 



thus the element /^"^"c^" G F2 belongs to the subgroup N = {{B)) . If vr = 7r_ = F2/N 
then, under the projection q^: N ^ (^[vr], +) « N"^ = N/[N,N], see (25), (26), the 
element P~^"cf is mapped to qN{p-^"cf) = • ^^z^- 



Proof Suppose « > 0. Then 

/3-2"c2" = 13^-^" ■{a-'^[3a~^l3-^y0^{a-^(5a-^l3~^)l3~^-l3\a-^l3a-^ (3-^)13-^ 

n-1 

^ -Q^l-2n+2y^^-L^^-L^-l)^2n-2y-l 
j=0 

by Lemma 5.11. In the abelianised group A^, which is identified with (Z[7r_], +), see 
Proposition 4. 1, we obtain 

which, by Lemma 5.11, equals 

^ 1-a ^ 1-^2 i_a ^1-/32 
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Suppose n < 0. Then we have 

/3-2«c2" = /3-2«(/3a-i)2« = /3-2«(a^/3-i)~2n 

—n 

by Lemma 5.11. In the abelianised group A^, which is identified with (Z[7r_], +), see 
Proposition 4.1, we obtain 

—n 

7=1 

which, by Lemma 5. 1 1, equals 

^ 1-a ^ 1-/32 1-a ^1-^2 i-a' 

7=1 

□ 



Derivation of (32) 

Here B = aPa~~^P~~\ N = ((B)). As in Lemma 5.4, we assume that v = a^'"f3^", 
m,n & Z. 

Suppose \m\ + \n\ > 0, thus v = c^'^Py where c = a'"/^/?"/'', d = gcd{m,n), Py G A'^, 
thus Py = n^v/ = n[=i ^v'i ' see (40). It follows from Lemma 5.4 that any solution 
(x,y) of (3') has the form x = X£^, y = y^r], for some ^ € Z with £ | J, ^ G {N ,N^, 
and 7] , where X£,y^ are given by Remark 5.5. The equation (3') has the form 

xyxy-^ =c^P,B-^ P;^c-^'' B. 

Thus, the equation has the following form in the new unknowns £,C,r]: 

(41) xeCyeVXe^r]-'yj' = c^'^P,B-' P^'c'^'^ B. 

We will start by analyzing both sides of this equality modulo [Fi, [N, N]] , and we will 
complete by using the presentation (33) of [N,N]/[F2, [N,N]]. We shall represent 
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elements of N/[F2, [A^, A'^]] by elements of A^, identified under the congruence relation 
^1 = g2 modulo [F2, [A'^,A'^]], and shall write ^1 = g2 whenever gig2^ G [F2, [A'^,A'^]]. 

The right-hand side of (41) modulo [F2, [A'^, A'^]] equals 

c^'^Py p-^c'^'^ B = c^\P,.,B-^]B-^c-^'^B 

= c^B-^c-^'^B[P,,B-^] = b;^b[p,,b-^i 

The left-hand side of (41) modulo [F2, [N,N]] equals 

(42) ^^XiyixiyJ ^ ■ y£[xj\7]]yj^ = fxeyixeyj ^[xj\7]], 

since the elements ^, [xj^ , rj] belong to [A^, A^] and, hence, they commute with any 
element of F2 in the quotient F2/[F2, [N, NJ\ . Let us calculate x^ygxiyj^ in the quotient 
F2/[F2, [N,N]] . We have, by Remark 5.5, 



xeyfxeyf^ 



{B^id-2iB^2d-u . . . B^itB ■ bJb^-^\ . . . B^2d-MB^2d~e) ■ c 



2d~2eB^2d-4e . . . B^2eB ■ B^/B^^I 
j-1d-1 



R-1 R-1 

J-1 



(43) 



xeyexeyf^ 



B^2d-2tB^2d-u . . . B^2tB ■ B^2eJ^^4e ■ ■ ■ J^c^d-^e^c^d 

d 

B;^BH[B,B-j,] if i>0; 

{j^c2dB^2d+2e ■ ■ ■ • B^-lB^-U . . . B^2d+3tB^2d+e) ■ 



1d-1 



.2d+2e 



r-1r-i 

"p2d-"i.2d+2e 



. . . B^}^iB^}2t ' B^-lB^-M . . . B ^2d+uB ^2d+l^ • C 

■ B~}^^B~}2i ■ BB^-2i ...B 



^2d+4tB^2d+2e 



---I 



(44) 



II if i<o. 



Therefore, after cancelling the common factor B j^B from the both sides, the equation 
has the following form in the quotient F2/[F2, [A'^, A'^]] : 

e • m [B, B;^},] I • [xi \ 77] = [Pv, B-'] for 



>0, 



-1 



n [B;}y„B]j ■ [xj\r]] = [P„B-'] for i < 0. 

Both sides of the latter equation belong to A^i = [A'^, A^. After identification of 
Ni/[F2,Ni] with Q = (Z[tt \ {1}])/ ~, see Proposition 4.5, and denoting X = 
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qNM) e e ~ M/[^2,M], y = qNiv) G ZM, V = qN(Pv) G we get, 

using (33) and Lemma 5.4, the equation 



(45) 



d 



^ + pq\ - E 



-2jl 



--.ye 



1 -c 



7=0 



-2d 



1 +c 



1 -c 



-2d 



Y =Pq{V), i>0, 



1 +c 



■Y] =PQiV), £<0, 



which coincides with the desired equation (32) for \m\ + \n\ > 0. 

Consider the case m = n = 0, that is v = 1. We have v = P^, N where 
P^, = YlB'^'^ = n[=i S"- ■ It follows from Lemma 5.4 that any solution (x,y) of (3') 
has the form x = , y = yt/f] with = 1 , yi^c = , for some L,£ G Z , 
^ € [A^, A^] , and rj £ N, see Remark 5.5. Similarly to above, we obtain the equation (41) 
where X£,y^,c^^ are replaced by x/_^ = 1, y^£, 1, respectively. It follows from 
XL/ = 1 that XL/y^ex^£y'[\ = 1 and [xj^^^,r]] = 1, hence the left-hand side modulo 
[F2,[N,N]] equals As above, the right-hand side modulo [F2,[N,N]] equals 
[Pv,fi-']. After identification of Ni/[F2,Ni] with Q = Z[it\ {1}]/ ~, and denoting 
X = qNAO e 2 ~ N,/[F2,Ni], Y = q^iv) G ^[vr], V = q^iPv) G Z[7r], we get, 
using (33), the desired equation 



2X=pq{V). 
This finishes the derivation of (32) from (3')- 



Derivation of (4f ) 

Here B = af3al3^^ , N = ((B)). As in Lemma 5.8, we assume that v = q^™^"*", 
m, « G Z. 

Suppose \m\ + \n\ > 0, thus v = c^'^P^ where c = a'"/'^/?^"/'^ , d = gcd(m, n), Py G A^, 
thus = Y[ — Wi=\ ■ It follows from Lemma 5.8 that any non -faithful solution 
(x, y) of (4') has the form x = X£^, y = y^rj for some £ G Z with l\ d, ^ ^ {N^N}, and 
r] ^ N , where Xi,yi are given by Remark 5.9. 

The rest of the derivation is similar to that of (32). 
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Derivation of (22) 

Here B = aj3af3~'^ , N = {{B)) . As in Lemma 5.2, we assume that v = f3^"Pv, where 
= n ^v- , «, G Vi G ■ By this Lemma, any non-faithful solution (x, y) of (2') 
has the form x = xl/£,, y = yi/V for L, ^ G Z as in (38), G [A^,A^], and rj e N, 
where xi^p^yi^^ are given by Remark 5.3. The equation (2') has the form 

xyx-^y-^ = 13^" P,. B^ P^^P'^" B. 

Thus, the equation has the following form in the new unknowns L,i,£,,r]: 

xl4 yi/v r'^zj ^" Vzi = /?'"^v B ' p-'i3-^" B. 

As above, we will analyze both sides of this equality modulo [^2, [N,N]], and will 
write gi = g2 whenever gig~^ G [F2, [N,N]]. 

The right-hand side modulo [F2, [A'^, A'^]] equals 

P^^Py B~^ p-^(3-^" B = f"[P,,B-^]B-^p-^"B 

(46) = (3^"B-'p~^"B[P,.,B~'] = bJmPv,B~'1 

The left-hand side modulo [F2, [A'^, A^]] equals 

UL/,yL,i\ ■yL,e[xL,e,v]yl} = fe/'3'L,d • fe,^??], 
since the elements ^, [xL/,rj] belong to [A^,Ar| and, hence, they commute with 
any element of F2 in the quotient F2/VF2, [A'^, A^]. Let us calculate [xL£,yL£] in 
^2/[[A^,A^],^2]- Denote cl = Pa~^, thus xte = -7-^ and %£ = cl- For n/l > 
we have, by Remark 5.3, 

[XL,£,yL,e] = {B 2,,-eB 2n-il . ■■BpB) ■ cl ■ [B^^B^i . . . B^^LieB^l^t) ■ cj^^ 

L L L L '^L '■L 

= B 2„~tB 2„-2e . . . B eB ■ B jB^2e ■ ■ ■ B'^l.-iB'^}, 
2f 

= Bj,B\{[B,B-ll 

while for < we have, by Remark 5.3, 

[xL,e,yL,i] = (-672,1 5^2,!+^ • • -B^^iiB'-e) ■ cl ■ {B -iB^2i . . .B 2,,+iB 2,,) ■ c^^ 

= B 2IB 2l+e ■ ■ B Jjf B }i ■ BB -e . . . B 2n+2lB 2n+l 

-2'i-l 

= Bj,B- TT [B 
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Therefore, after multiplying the both sides by B ^B^j,, , the equation has the following 
form in the quotient F2/[F2, [N, N]] : 

.25 



for n/e>0, 



(Y[[B,B^I]^ ■ [xL^e,v] = B'lB^. ■ [P,,B-'] 

H [B- , 5] j • [xL,e , r?] = B-Ib^2,. -[Pv^B-'] for n/e<0. 
Observe that 

(47) B-lB^2„ = l3^"{B-\ /3-2"ci"]/3-2« = [B-\ p-^"cl"] e [A^, A^] , 

due to Lemma 5.13. In particular, both sides of the obtained equation belong to 
Ny = [N,N]. After identification of A^i/[F2,M] with 2 = Z[7r\{l}]/ ~, see (32), (33), 
and denoting X = ^^^(0 G Q « Ni/[F2,Ni], Y = qNiv) G Z[7r], V = qNiPv) e Z[7r], 
we get, using Lemma 5.13 and (33), the equation 

(48) Pq[-—^ + —^-y]=pq{V + P- 



1 - C[ 1 - C^"' J V 1 - /?2 1 - Q 

Since the automorphism ip^ sends cl = i-^ /?, /3 i— > /3a^, and leaves fixed a and 
, we obtain, after applying the automorphism ip^ to both sides of the latter equation, 
the desired equation (22). 



Derivation of (4^) 

Here B = aj3aj3~'^ , N = {{B)) . As in Lemma 5.6, we assume that v = f3^"Pv, where 
Pv = n^v/' 'J S Z. By this Lemma, any faithful solution (x, y) of (4') has the form 
X = xl/S,, y = yi/V for L,£ asm (38), ^ G [N , N] , and tj e N, where x^g,y^e 
are given by Remark 5.7. The equation (4') has the left-hand side similar to that of (3') 
and the right-hand side as in (2'): 

xyxy-'^ = p^"P,, B-^ P''^ fS'^" B. 

Thus, the equation has the following form in the new unknowns L,i,^,r]: 

xl4 yL,iv = 13^" Pv B ' p;'r^" b. 

As above, we will analyze both sides of this equality modulo [Fj, [A'^,A^]], and will 
write gi = g2 whenever gig~^ G [F2, [A^,A^]]. 
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As in (46), the right-hand side modulo [F2,[A^,A^]] equals B^lB[Py,B^^]. Sim- 
ilarly to (42), one shows that the left-hand side modulo [F2, [A'^, A^]] is equal to 
i'^xi,iyL^txi0Y,\[x^\,r]] . Moreover, using Remark 5.7, we have, similarly to (43) 
and (44), 

' B-.},B Ylj^.iB.B-^.^, n/i>0, 

B~}„B- n «/^<0. 

Therefore, after multiplying the both sides by B^^B^?.„ , the equation has the following 
form in the quotient F2/\F2, {N, N'W : 

f ■ (l[[B, B-^,] \ ■ [x-j, r?] = B-lB^2„ ■ [P,, B~'] for n/i > 0, 

• ( n [^7-2^^ ' '^^l • ' ^] = ^?'"^cj:' ■ > fi" ' ] for n/i<0. 

By (47), both sides of the obtained equation belong to A^i = [A^, A^] . After identification 
of Afi/[F2,A^i] with Q = (Z[7r \ {1}])/ ~, see Proposition 4.5, and denoting X = 
qNAO e G ~ A^i/[^2,A^i], Y = qNiv) G ^M, V = qNiPv) G Z[7r], we get, similarly 
to (45) for the left-hand side, and to (48) for the right-hand side, the equation 

f^- cr^" 1 - cr^" \ . 1 - p-^" 1 - a 



Since the automorphism 99^ sends cl = a^(3 1-^ /3, /3 1— > Pa^, and leaves fixed a and 
, we obtain, after applying the automorphism 93^ to both sides of the latter equation, 
the desired equation (42). 

This finishes the proof of Theorem 5.10. 



6 Solutions of the second derived equations 

In this section we give a necessary and sufficient condition for each of the second 
derived equations (22), (82), i^^) and (42^), see Section 5.3, to have a solution. As a 
consequence, we will describe, in each of the mixed cases, many infinite families of 
v's for which the equation (8) has no solution, see Remark 3.16 and Tables 4 and 5. 
Unfortunately it is not true that if the second derived equation has a solution then the 
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original equation also has a solution, see Example 6. 11. As we noticed in Remark 3.16, 
for a given v G vr which corresponds to a mixed case, it is not an easy task to classify all 
the elements in p~^{v) with respect to the property that the corresponding equation (8) 
has a solution or has no solution. In fact we do not know v for which the answer is 
completely known. 

In the following three assertions, we list some identities in the quotient Q = 'L{-k \ 
{ 1 }]/ ~ , see (37) and (31), which will be used for solving the second derived equations 
(22), (32), (4f ) and (4f ). 

As above, tt = tt± denotes the group vr^ = (a,/3 | aPa''^ f3~^) , e G {1,-1}, and 
M e TT denotes the class of an element u & F2 = {a, P \) in ir . Consider the natural 
projection pg : Z[7r] ^ 2, see (7). It has the kernel 



(49) 



K = kerpQ = Z[{1}] (B{{g + g-' \g€7T\ {1}}), 



where (5) denotes the minimal abelian subgroup of (Z[7r], +) containing a subset 
S C Z[7r]. We will represent elements of Q by elements of Z[7r], identified under 
the congruence relation Xi = modulo K, and shall write X\ = X2 whenever 
Xi -X2 G K. 



Lemma 6.1 For any x & n, k & Z, the following congruences in Z[7r] hold modulo 
K: 



2k 



(a) 



1 -X 
1 -X 



2k 



(b) 



1 -X 



2k 



0, (c) 



1 - X 

"r^2 



-x-'^^x-^ 



Proof (a) The difference of the left-hand side and the right-hand side equals 

^k 



(b) 



(c) 



x^ - x^ 

1 -X 



2k 



1 -X 



A-k 



2k 



1 -X 



x^^'-x x-1 1-x* x'^-l 1-x' 

— -1 + 



+ 



+ 



1 -X 

xi-^ + x3-'= + ...+x*^-3^x*=~^ =0, k>0, 
0, k = 0, 

^k+3 _ ^k+\ =0, k<0; 

k>0, 

0, k = 0, 



0; 



-X ^ — X ^ 



+ x^-*^ + . . . + x*^--* + x''-^ = x-^ 



-X-2-^ - X-^-^ 



y.k+2 



x" =x k <0. 



This completes the proof. 



□ 
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Corollary 6.2 For any x G vr = 7r_ and n, L,i,k,m e Z with £ \ n and I odd, the 
following congruences in Z[7r_] hold modulo K: 



1 - P^ " 
1 - a^P^ 



(a) p" = -^^^a^P^'" ifn is even 



\ — 1+X 1— X 1— X 1+x ' 

(c) =;^n a = • z-^. — a ifn is even. 

1-/32^ l-a^P^ l+a^p^ 

Lemma 6.3 For any n,L,£ G Z with £ \ n and I odd, there exists Z\ G Z[7r„] 
satisfying the following congruence in Z[7r_] modulo K, for any m G Z; 



1 — /9~2" _ 
, Pa'" = (1 - ,3'") • Zi • a- + <( 

1 — 



0, n even, 
P"a'", n odd. 



Proof If n is even, we put Z\ := —jz^P^ then 

1 — /^~2't _ _ 1 _ /9-2n _ 

(1 - • Zi • a"' = —^(1 - nPa'" = -r^^«'"' 

I — P^ \ — P^ 

where the latter congruence is due to Lemma 6.1(b). If n is odd, we put Zi := 

"■1-1 

(1 - P'^") ■Zi-dr= '"^-^ (1 - = ;9a'" - p'^a" 



^^^/3i-2«;then 



where the latter congruence is due to Lemma 6.1(c). □ 

Denote 2' = 2 Z2, and consider the natural projection 

(50) pq: -LiM^Q' -{'L2{7^\{l}])/{g + g-' Ug^\{1}), 

compare (7). In this section, we will only consider the unsolved case v / 1 . 



Case of the equations (82) and (42^) 

Observe that these equations have similar form, where (32) is in e+, while (4f) IS m 
2_ , see Section 5.3. 

More specifically, for the equation (32), we have B = vr = 7r+, 2 = 2+, 

V = a^'"p'^" = c^^ G vr, where c = a'"/^/3"/^, m,n e Z, \m\ + \n\ > 0, d = gcd(m, n). 
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For the equation (4f ), we have B = a(3al3-\ tt = tt_ , Q = Q_ , v = a'^"'/3'^" = 
c^"^ G IT, where c = Q-'«/''^2n/rf ^ m,n £ Z, \m\ + \n\ > 0, d = gcd(m,n), thus c is 
orientation-preserving, and is not a proper power of an orientation-preserving element 
of vr = 7r_ . 

Observe that the existence of a solution (£,X, Y) of the equation (32) in Q = is 
equivalent to the existence of a solution {£, Z') of the following equation in 2' = Q Z2 , 
with the same £ \ d and V' := V mod 2 G Z2[7r+], Z' := Z mod 2 G Z2[7r_|_] where 

Z, - C ■ I -\- . 

(32) pQ,i^j^-Z'\ =pQ,iV'), 

due to Corollary 6.2(b). 

Similarly, the existence of a solution (i,X, Y) of the equation (4"*) in Q = Q_ is 
equivalent to the existence of a solution {£, Z') of the following equation in Q' = 2 ig) Z2 , 
with the same £ \ d and V' := V mod 2 G Z2[7r_], Z' := Z mod 2 G Z2[7r_] where 
Z = • Y + 



-2d V _L c -^d_^i-d ^ 



In the following Theorem 6.4 and Proposition 6.5, we will formulate necessary and 
sufficient conditions for each of the equations (82) and (42"') to have a solution, when 
v/1. 

Denote m = c"^ G vr = vrg , thus v = . Consider the left actions on tt of the free 
groups G = {t, i \) , G = {t,i \) of rank 2, where the actions of the generators t, i and 
?, i are defined by 

(51) t-g = cg, i.g = g~\ g G vr, 

(52) h g = Ug = c''g, i.g = g^\ g G vr. 

Clearly, G can be considered as a subgroup of G, with the inclusion map G ^ G, 
t ^ ,1 ^ i. Denote Og := G ■ g and Og := G ■ g, the orbits of an element g G vr 
under the actions of G and G, respectively. Clearly Oh C Og for any g € n, h € Og. 
Define the G— augmentation 

r r 

(53) : Z2[Og] ^ Z2, ^mi-M/t 1-^ ^m^:, m^; G Z2, G O^, g G tt, 

/t=l j(:=l 

the restriction of the usual augmentation Z2[vr] Z2 to the subgroup Z2[Og] C Z2[7r] . 
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Theorem 6.4 Suppose c £ vr, J G N, V € Z[7r] are defined by the element v G F2, 
V = c^'' / 1 , as in (40) . Consider tiie actions (51), (52) of the groups G,G omr. Each 
of the equations (82), (42"*) has the following properties: 

(A) For every fixed £ \ d, the corresponding equation with the unknown Z' G 1'2M 
splits into the system of independent equations in the subspaces (Ij2[Og \ {1}])/ ~ 
with the unknowns Z'^ G Ij2[Og], where g £ n. 

(B) The following conditions are pairwise equivalent: 

(i) the equation admits a solution; 

(ii) the equation admits a solution with £ = d; 

(iii) for every h tt\Oi, the projection Vl of the element V' := V mod 2 G 'Z2M 
to the subspace Z2[0/,] has vanishing G -augmentation: ih{Vl) = 0. 

Proof (A) Cleaiiy, the equivalence g ~g~*, g G 7r\{l},on 7r\{l} induces 
an equivalence relation on \ { 1 } , for each orbit Og . Moreover, two elements of 
Z^iLtt \ { 1 }] are equivalent if and only if their projections to each subspace %2\Og \ { 1 }] 
are equivalent. Since • Z' belongs to Z2[C'g] whenever Z' G Z2[C'g], the induced 
equations in the quotients of Z2[C'j; \ {1}] by ~ are pairwise independent (for every 
fixed £). 

(B) Consider the natural projection pQ : Z2[7r] ^ 2' = 2 "X) ^2> see (50). It has the 
kernel 

/:'=ker/.g, =Z2[{l}]©({^+5-' I^Gvr\{l}}), 

where (5) denotes the minimal abelian subgroup of (Z2[7r], +) containing a subset 
S C 1j2M, compare (49). Similarly to Lemma 6.1, Corollary 6.2 and Lemma 6.3, we 
will represent elements of Q' by elements of 1'2M , identified under the congruence 
relation Xi = X2 modulo K' , and shall write Xi = X2 whenever X\ — X2 ^ K' . 

(i) =^=- (ii) Suppose that (£, Z') is a solution. Then the left-hand side equals 

1 - c^^ , _\-c'^'^ 1 + , 

Since the right-hand sides of (82) and (42^*) do not depend on ^, the pair {d, • Z') 
is a solution. 

(ii) =^=- (iii) Suppose (d, Z') is a solution, thus 

(1 -c'')-Z' = V . 
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It follows that V' = U' + W' , where U' is a linear combination of the elements of the 
form (1 — c'^)g\ , g\ G vr, while W' G A' is a linear combination of the elements of the 
form g2+g2^ and g3, §2 G TT \ {1}, g3 = 1 G vr. 

Take any /z G vr \ Oi . It follows that is a linear combination of (1 — c'^)gi , g2 + g2^ , 
and g3, where gi G Oft, g2 G O/, \ {1}, g3 = 1 G tt n O/,. Since g^ = I ^ Oh, the 
coefficient at g3 in this linear combination vanishes. Therefore the augmentation of 
this linear combination vanishes, thus ihiVh) = 0. 

(iii) =^ (i) Suppose ihiV',^) = for any /j G vr \ Oi . Since V'^ G Z2[6h] , and Oh is 
an orbit with respect to the action of the group G on vr, it follows from e/j(V^) = that 
is a linear combination of the elements of the form (1 — c^)gi and g2 + g2^ > where 
gi G Oh, g2 G O/, \ {1}. Similarly, since one of the elements Vj, Vj + 1 G 2,2[Oi\ has 
vanishing G-augmentation, it follows that V[ is a linear combination of the elements of 
the form (1 - c'')gi , ^2 + and ^3, where G Oi,g2 G Oi \{l},g3 = 1 G Oi- 

This immediately gives = (1 — c ) ■ Z^, for some Zf^ G Z2[0/,], for every /z G tt. 
Since V equals the sum of Vj^ G Z2[Oh] over all G-orbits O/, C vr, we obtain the 
desired decomposition V' = (l — c^) • Z', for some Z' G 1j2M- Hence {d,Z') is a 
solution. □ 

Proposition 6.5 Suppose m G vr, w^Cm) = 1, v = m^, where vr = vr^ = (a,/3 | 
a/3a~^/?~'). Consider the corresponding action (52) of the group G on tt. Then the 
orbits Oh, h G TT, under this action have the following form: 

(A) Suppose e = 1 and u = q'"/3" , m,n ^1^. Then, for h = afj3'', p,q ^1^, one has 
Oh = {u'^h^^ \keZ} = {aP+'""P'i+'"' \keZ}U{a -P+kmp~q+kn I g 

(B) Suppose e = - \,thusu = a'"f3^", m,n e Z. If w-{h) = I then h = a^P^'', for 
some p,q Ij, and 

Oh = {U^h^^ \kGZ} = {aP+'^'np^^+^kn I G Z} U {a -P+k>" p-2c}+2kn | ^ ^ 

If W-{h) = — 1 then h = aPj3^'^^^ , for some p,q ^ Z, and 

Oh = {a'^'";3<2/:+4r)n;j±l \l,^j.£Z} 

moreover, in the latter case, the set of all such orbits is in one-to-one correspondence 
with the set Z|,„| © Z|„|, where one denotes Zq = Z, Zi = {0}; in particular, the 
number of such orbits is either \mn\ if mn / 0, or infinite if mn = 0. 
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Proof (A) Suppose h = aPpi, and denote Oh = {u'^h^^ \ k e Z}. Obviously, 

h ^ Oh, and Oh is invariant under the action of G (since vr = 7r+ is abelian), hence 
Oh C Oh ■ The converse inclusion follows from the fact that any element of Oh is 
obtained from h ov by the left multiplication by , for some G Z . This proves 
Oh = Oh. 

The equality of the two presentations for the set Oh follows from the fact that the group 
TT = 7r+ is abelian. 

(B) Suppose w-ih) = 1, thus = aPp^^. Denote Oh = {u'^h^^ \keZ}. Obviously, 
h e Oh- Since w_(m) = W-(h) = 1, the elements m and h commute, therefore Oh is 
invariant under the action of G, hence Oh C Oh- The converse inclusion follows from 
the fact that any element of Oh is obtained from h ox by the left multiplication by 
u^, for some k eZ. This proves Oh = Oh- 

The equality of the two presentations for the set Oh follows from the fact that the 
subgroup of TT = TT- generated by a, is abelian. 

Suppose now w-(h) = — 1, thus h = oPP'^'^^ . Denote 

Oh = {aP+k'npi2q+l+(2k+4r)n | y^, r € Z} U {aP+km p-(2q+l)+(2k+4r)n | ^ ^ 

Obviously h E Oh - Let us show that Oh is invariant under the action of G. Since 
commutes with any element of vr = 7r_ , and aPp = Pa ~p , we have, for any j G Z, 

_ ^+km 02q+l+2{k+2r)n _ (^^'"p^.ny _ ^+km p2q+\+2{k+2r)n 
= a'™ (3^"" • oP+k'" Ij2q+l+2{k+2r)n 



a' 



p+{s+k)m p2q+l+2(s+k+2r)n ^ 



^^+km 02q+\+(2k+4r)ny\ ^ ^p+km ^-{2q+\)-(2k+Ar)n ^ q^^ 
and similarly u' ■ aP+f^'n ^-(2q+l)+2(k+2r)n ^ q^^^ f^^p+km ^-(2q+i)+(2k+4r)nyl ^ 

Therefore Oh C Oh- The converse inclusion follows by observing that 

-p+kmp2q+l+i2k+4r)n ^ f . -^^2^+1+4™ ^ ff^-rff . 02q+l g Q^^ 

therefore any element of Oh belongs to the orbit Oh of h = (yPp^~^^ under the action 
of G- This proves Oh D Oh and, hence, Oh = Oh- 

The equality of the two presentations for the set Oh follows from the identities 

^km^(2k+4r)n . ^ ^kmp(2k+4r)n . p2q+l 
^ ^p+km p2q+l+(2k+4r)n 
and a'^p(2k+4r)n . ^-1 ^ ^km0(2k+4r)n . p-(2q+l)^ -p 

^ ^+km p-(2q+l)+(2k+4r)n 

This completes the proof. □ 
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Case of the equations (22) and 

For each of the equations (22) and (49), see Section 5.3, we have B = af3aP~^ , it = n-, 
Q = Q^,v = f3^",n £Z. Both equations have the unknowns (L, i, X, Y) with L,i £Z 
as in (38), X£Q,Y£ Z[tt]. 

Observe that the existence of a solution (L, i, X, Y) of the equation (22) in Q = 2_ is 
equivalent to the existence of a solution (L, i, Z) of the following equation in Q, with 
the same V G Z[7r_], L,£ G Z satisfying (38), and with Z = c[~^">' + c^"^" + C, 
= = (/7~^(/3), C G Z[7r_]: 

(22) PQ [jz^ ■ V'^(^) j = PQ^V^V)) + 

where C is determined by Lemma 6.3. As in (22), this equation is equivalent to 
= pq{V) if « = 0. 

Similarly, the existence of a solution (L, X, Y) of the equation (42) in Q = Q 
is equivalent to the existence of a solution {L,l,Z') of the following equation in 
2' = 2 ® Z2, with the same L,eeZ satisfying (38), with V := V mod 2 G Zilir^], 
Z' := Z mod 2 G Z2[7r_], and with Z = c["^"F + + C, C G Z[7r_] 

from above: 

\ 0, n even, 

-7^2' (/9"t^) > "Odd, 
due to Corollary 6.2(b). This equation is equivalent to = PQ'iV) if « = 0. 




/I - 3'^" \ 
(^) PQ' [YZrjl • '^^^^'^ j = /'e'Cv'^C^')) + < 



Below (see Theorem 6.8 and Proposition 6.10), we will formulate necessary and 
sufficient conditions for each of the equations (22), i^l) to have a solution, when v / 1 . 

From now on, for the remainder of this section, let us fix an integer « 7^ 0, and denote 
by s the exponent of 2 in the prime factorization of \n\; put /x = |f| 2^ , ^max = ^ = )1 > 
the greatest odd divisor of n . Consider the left actions on vr = 7r_ of the groups 

Gl ■={tL,i\ {tdtif, {itif), 
Gl:= {tL,i\i\ ikftLf, (ftL)'), 

Gl := {tJjL I f, 11, (ijif, (Ttf, Qijf) ~ ^ {^2 ® ^2), 
V'l : Z2 © Z2 ^ Aut(Z), MW) := =: V'2(7l)(?), 
G := {t,i I 72, (r?)2) w Z Z2, Vi : ^2 ^ Aut(Z), Vi©® := ? 
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where L G Z, and the actions of the generators tjji, tL,i, and ti, i are defined by 

(54) tL-g = a^h, i-g = g~\ gSTT, 

(55) tL-g = a^P^'^g, i-g = g~\ gSTT, 

(56) t-g = P^"g, i-g = g-\ ]L-g = a'^P^-^-ia''p^'^gr\ geir. 

Clearly, we have the inclusions G C Gl ^ Gl ^ Gl with t t^^, ti i-^ t^i"", 
I t-^i t-^ i, Jl^-^ tjJftL, which respect the actions. 

This provides the following alternative approach for defining the groups G, Gl, Gl- 
We will henceforth identify these groups with the corresponding subgroups of the group 
Gl by denoting 

~t = ^l^ = tf =■ ^ ?L = t^r^ > 1 = 1 = i, ]l = kftL =-iL- 
Thus the subgroups G C Gl C Gl C Gl admit the following presentations by means 
of generators and defining relations: 

Gl ■.={tL,i\ ^^ {tLikf, (i^l)^), 

Gl :=(f, ijL \ £ Hkf, (itf, (jLtf) « ^ (^2 © ^2), 
G={t,i I f-, (itf) « Z x^j Z2. 

Observe that the defined in this way group G depends on L. However the above 
presentations of the groups by means of generators and defining relations provide an 
obvious group isomorphism Gl ~ Gy for L, L' G Z . Although this isomorphism 

does not respect the actions of Gl, Gl' on tt if L 7^ L' (since these actions determine 
different orbits), the induced isomorphism of the corresponding subgroups G C Gl 
and G C Gl' respects the actions. This gives the natural identification of different 
subgroups G C Gl, respecting their actions on tt. 

One easily checks that 

(57) i ■ (p^aP) = p-^a -p, Jl ■ 0^''aP) = ^-^"a^, 

i . (p^+'aP) = ^-(2*+i>qP, Jl ■ W'^+'c^) = r^^+'^a 

t ■ 0"aP) = p^+^^aP, tL ■ (P^aP) = P^+^^c^'^, 

tL ■ (p^aP) = p^+^aP-^. 

Denote Og^L := Gl ■ g, Og^L := Gl ■ g, Og^L := Gl ■ g, and Og := G ■ g, the orbits 
of an element g E it under the actions of Gl, Gl, Gl, and G, respectively. Clearly 
Oh C Og,L C 0/,L C Oe,L for any e G TT, / G g G h G Og,L. 

An element g G vr (together with its orbit Og) is called G-regular if g has a trivial 
stabilizer with respect to the action of G on vr (thus Stab^(g) = { 1 } , so the natural map 
G ^ G • g is bijective). Otherwise g (together with its orbit Og) is called G-singular. 
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Lemma 6.6 An element g £ ir is G -singular if and only if either w_(g) = 1 and 
g = P"'^ (thus nk is even), or w-(g) = — 1 and g = (]"'^a'" (thus nk is odd), for some 
G Z. Moreover, the stabilizer StahQ(g) of a G -singular element g = under 
the action of G is the cyclic subgroup of G generated by the element t'^i G G. Here the 
element t'^i is conjugate in G either to the element i if k is even, or to the element ti if 
k is odd. □ 

In the case of the equation (4^), we define the augmentations 

(58) Eg : Z2[Og] ^ Z2, £g,L ■ Z2[ag,L] ^ Z2, eg,L : Z2[Og,L] ^ Z2, 

called the G— augmentation, Gi— augmentation, and Gl— augmentation, respectively, 
as the restrictions of the usual augmentation Z2[7r] Z2 to Ij2[Og], 'L2\Og^i\, and 
Z2[Og,L], respectively, for every ^ G vr. 

In order to define similar augmentations in the case of the equation (2.2), the following 
constructions will be useful. Consider the character 

Xl: Gl^Z* = {1,-1}, tL^-\,i^-l, 

thus ?L = ff""" —I, t = tj" I. Denote x '■= Xl\g- For every G -regular element 
g £ TT, define the x-^>v/ste(i G— augmentation 

(59) Eg : Z[dg] ^ Z, r-g^ xW, r G G, 

by the linear extension of the latter formula. The x-twisted G-augmentation Sg is 
well-defined for any G-regular element g G vr , since the equality r\ ■ g = r2- g implies 
rj"V2 G Stabg(g) = {1}, hence r\ = r2. We also have £r.g = xir)£g, for any r £ G, 
and for any G-regular element g G tt. 

An element g G vr (together with its Gl -orbit) is called Gt-defective, or sim- 
ply defective, if there exists r £ Stab^^(g) with xii'') = — 1- In other words, 
XL(Stabg^(g)) = {1,-1} for defective g, and XL(Stabg^(g)) = {1} for non-defective 
g. For every element g £ n, define the xi-twisted Gi-augmentation 

/^nx ~ ry,,,^ n f^' 5 non-defective, f xdr) £ Z, 

I Z2, g defective, I 1 G Z2, 

by the linear extension of the latter formula. If n is odd, we similarly define the 
XL-twisted Gi-augmentation 

r^r^A n f^' 5 non-defective, f xdr) £ Z, 

(61) eg,L: nOg,L]^{ r.g^l r £ Gl, 

I Z2, g defective, I 1 G Z2, 



Qeometry & Topology Monographs 14 (2008) 



Some quadratic equations in the free group of rank 2 



279 



by the linear extension of the latter formula. One easily checks that 

L(yf,^L) = eg,dVg^L) - £h,LiVh,L) where h := a^f3"g, n odd, 



(62) e,AVoL) = { 



EgiVg) mod 2, 
egiVg) + %.g(%.g), 



otherwise. 



Observe that, if an element g G vr is defective, then all elements h G Og^i (as well as 
h G Og^L if n is odd) are also defective (since XL(r) = XL(srs~^) for any r,s G Gl), 
furthermore eh,L = Sg^i is the usual augmentation on Ij[Og^L] reduced modulo 2. 
For non-defective g G vr, the xl -twisted Gl -augmentation is well-defined, 
since the equality ri ■ g = ■ g imphes rj" V2 G Stab^^(g), hence Xiifi^rj) = 1 and 
Xtiri) = Xiiri)- We have £r-g,L = XL{r)£g,L, for any r e Gl, and for any non-defective 
g eir. 

Lemma 6.7 An element g G vr = 7r_ is defective if and only if g = for some 

k,m € Z. In particular, all G -singular elements are defective. 



Proof The assertion easily follows from the following formulae for the stabilizer 
Stab(j^(g) of an element g G tt = 7r_. Suppose that g is not of the form /3"*^a'", 
k,m ^ Ij. If g = (a^/3)^, ^ G Z, then Stabg^(g) is the cyclic subgroup of Gl generated 
by Ul', otherwise Stabg^(g) = {1}. Therefore XL(Stabg^(g)) = {1}, hence g is 
non-defective. Suppose that g = (a^/3)"*^a'", G Z. If m / then Stab^^(g) is the 
cyclic subgroup of Gl generated by t^i (if nk is odd) or by t'^jL (if nk is even); otherwise 
StabQ^{g) is generated by two elements iJl, t'^i- Therefore XL(Stab^^(g)) = {1,-1}, 
hence g is defective. □ 



Denote Z := Z, V := V G Z[7r] for the equation (22), and Z := Z2, V" := V 
mod 2 G Z2[7r] for the equation (4-2), where vr = 7r_ . For any g G vr = 7r_ , denote by 
V'g, V'^i^, V'g^L, and the projections of the element V G Z[-k] to Z[Og\, Z[Og^L\, 
Z[Og^L], and Z[Og^L], respectively. 

Theorem 6.8 Suppose n ^'L \ {0} and V G Z[7r] are defined by an element v G f 2. 
v = p^" y^l, as in (39). For every L G Z, consider the left actions (54), (55), (56) of 
the groups G C Gl C Gl C Gl on vr, and the corresponding (twisted) augmentations 
Eg. ^g,L, £g,L, see (58), (59), (60), (61). Each of the equations (22) and (^j) has the 
following properties: 
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(A) For every fixed L,i G Z as in (38), the corresponding equation with the 
unknown Z' G Z[it] splits into the system of independent equations in the subspaces 
{Z[Og^L \ {1}])/ ~ with the unknowns G Z[Og^L\, where g £ n. 

(B) The following conditions (i), (ii) and (iii) arepairwise equivalent: 

(i) the equation admits a solution; 

(ii) the equation admits a solution with £ = £max 

(iii) the following conditions (iii i ) and (iii2 ) hold for £ := ^max (compare Lemmas 6.6 
and 6.7): 

(iii 1 ) If n is even then, for every pair of elements /z G vr \ {(3'^" | ^ G Z} (thus 
both g, h are G-regular) with h = j5'^^''g, r G Z, one has 

(iii 2) There exists L G Z satisfying the following conditions. For every pair of 
elements g,h e tt with g \ k,m e Z} , w_(g) = 1, and h = a^P^g 

(thus both g, h are non-defective), one has 

Moreover, if n is odd then, for every m G N, the pair of elements g = a"\ 
h = a^P"g (thus both g, h are defective) satisfies the following equality in Z2 ; 

fl, 0<m<P(L\ 
eg,L{Vg,L) + Sh,LiV',,L)= { PiL):= 

[0, m>P(L) 

Remarks 6.9 (A) Condition (iii) is equivalent to the following condition: 

(iv) the following conditions (ive) and (ivo) hold (compare Lemmas 6.6 and 6.7): 
(ive) Suppose that n is even, and put I := ^^ax ■ Then, for every pair of elements 

/i G vr \ {Z?*^" I A: G Z} (thus both g, h are G-regular) with h = P^^'g, r G Z, 
one has 

eg(V'g) = ShiK) e z. 

Moreover, there exists L G Z such that, for every pair of elements g,h € it 
with g {(3^^'' a'" I k, m G Z} , iv_(g) = 1 , and h = a^P^g (thus both g, h are 
non-defective), one has 

egMV'D = ^h,L{Vh,L) e 2- 
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(ivo) Suppose that n is odd. Then there exists L G Z satisfying the following 
conditions. For every element g G vr \ {^^"^a'" | k,m G Z} with w-(g) = 1 
(thus both a^l3"g are non-defective), one has 

Moreover, if g = a™ with m G N (thus both g, a^(3"g are defective), then 

f 1, 0<m<P{L), 

ig,L{V,D = { inZ2. 
^' [ 0, m>P{L) 

(B) Condition (iiii ) (respectively, the first part of (ive)) is equivalent to the similar 
condition where g, h run through the sets g G {/3^*^a'" \ —i <2k < I, m > Q}\J {j3^'^ \ 
< 2yt < £} U {13'^^+^ a'" \ < 2k + \ < £, m e Z} (thus g is automatically 
G-regular), and h = (P'^'^g is G-regular with 1 < r < \n\/(.. 

(C) The first part of the condition (iii2) (respectively, the second part of (ive) or the 
first part of (ivo)) is equivalent to the similar condition where g runs through the set 

{0^^6r \ Q<2k< Cax, ni > 0}. 

Proof (A) Similar to the proof of Theorem 6.4(A). 

(B) (i) =^ (ii) Suppose that (L, £, Z') is a solution. Then the left-hand side equals 
Since the right-hand sides of {2.2) and {4\) do not depend on £, the triple 



is a solution. 

(ii) =^ (iii) Consider the case of the equation (22). Suppose (L, ^max, -Z) is a solution, 
and denote i := ^max- Observe that, under the assumption I = ^max> the equation (22) 
is equivalent to the following congruence in Z[7r_] modulo K: 

1 - /32n f 0, n even, 

1 - a^/?*^ -T=^i wodd, 

where Ci := if n is even, Ci := if n is odd and > 0, Ci := — if n 

is odd and < 0. The first summand of the right-hand side of this congruence is a linear 

1 — 3-" 

combination of the elements ^^^tpef ^ ^[^r], f €^ it, with integer coefficients, and 
thus a linear combination of the elements 
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In particular, it is a linear combination of the elements jz^f^ / G ^> and thus a linear 
combination of the elements 

W = (1 + + + . . . + / G vr. 

In order to prove (iiii), consider the polynomial W G Z[7r] from above and observe 
that, for any G-regular element hr := , r G Z, the x-twisted G-augmentation of 
Wh, G IjlOh,] (based at h,-) equals 



(64) e,^{Wh,) = -e,-ii%-0 



1 , q even and p 0, or £ \ q, 
0, q odd or /? = 0, and ^ | ^, 



where / = j3^&' , the "canonical" form of / G vr, similar to (19). Obviously, for any 
element h ^ it\ {h,.,h~^ | r G Z}, the ^-twisted G-augmentation of Wi, (based at 
h) vanishes. Observe also that the right-hand side of (64) does not depend on r. This 
shows that the element W G Z[7r] satisfies the condition (iii i ). For n even, this implies 
that V also satisfies (iiii ), since V is a linear combination of such elements W, together 
with the elements / +f^^,f G tt \ {1} , and 1 G vr. 

In order to prove (iii2), let us consider the integer L and the polynomial U G Z[7r] from 
above. Recall that U has the form U = {\ + + (3'^'^ + . . . + ^2|«l-2^)(i + a^fj^) ./, 
for some f e tt, / = p'^aP, p,q e Z. Take any g G vr \ {p^^''a'" \ r,m e Z} 
with W-(g) = 1; thus the elements g and h := • g = a^(5^g are automatically 
non-defective, see Lemma 6.7. If g belongs to the set 5/ /, := {{a^j3^y'f \ r £ Z} then 
i \ q, thus the xl -twisted Gl -augmentation of Ug^t G ZIO^^l] (based at g) equals 

= -^g-^,L(^g-',L) = -Sj,-f,,L(Uj,.f,,L) = 1 G Z. 

If g,g~^,jL ■ gjL ■ ^ Sf^L then the xl -twisted Gi-augmentation of Ug^L (based 
at g) vanishes. Observe that g G S/^l if and only if h = tt ■ g £ S/^l, for any g G vr 
(without assumption w_(g) =1). Hence g~^ G 5/,l if and only if ji ■ h e S/^l', 
jf g ^ Sf,L if and only if h'^ G Sf^L'Jt • G 5/,l if and only if jt ■ h'^ G 5/,/.. 
Together with the above properties of the xl -twisted Gl -augmentation, this proves the 
desired equality eg^i{tjg^i) = £h,L{Uh,L) G Z, thereby proving the first part of (iii2) for 
the element U G Z[7r] . Therefore V also satisfies the first part of (iii2), since V is a 
linear combination of such elements U , together with the elements f +f~^ , c/ , and 
I G vr, where/ G vr \ {1}, r G Z. 

Suppose that n is odd, and take any element g = a'" with m G N. Denote, similarly to 
above, h := a^i3"g (thus both g, h are defective). It is obvious that £g,L{Ug,L) = G Z2 
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if and only if g,g^^ Sf^i, moreover eh,L(Ug,L) = G Z2 if and only if hjL ■ h Sf^t- 
Since g,g^^ is equivalent to hjfh we obtain eg^L{Ug,L)+£h,L{Uh,L) = 0. 
Therefore Eg^LiVg^i) + Sh,dVh,L) = eg,L{Dg,L) + £h,L0h,L) where D := -^f^ G ^[vr], 
since V — D is a linear combination of such elements U, together with the elements 
/ +f^^,f G vr \ {1}, and 1 G vr. One easily computes 

f 1, 0<m<P{L), 
eh,LiDh,L) = 0, Sg,L(Dg,L)=< ^^^^ inZ2. 

[0, m > P{L) 

This completes the proof of (iiii)- 

Consider the case of the equation (42). Suppose (L, £max,Z') is a solution, and denote 
^ := ^max- It follows from (4!!J) that the congruence (63) in Z2[7r_] holds modulo K' , 
where the coefficients are reduced modulo 2. It follows from the case of (22) that V' 
satisfies the mod 2 analogue of the condition (iii). 

(iii) =^=- (i) Let us consider the case of the equation (22). Suppose n is odd, put 

£ ■ — ^max — I I • 

Step 1 For every L G Z and for every polynomial V G Z[7r] , there exists a (unique) 
presentation satisfying the following congruence modulo K : 

1 - 

(65) V:=V+- = U + Wi + W2 + W3+R, 

I — a 

where U is a linear combination of (1 — /3^")/i, /i G vr, while Wi,W2,W3,R G Z[7r] 
have the form 

^1 = Yl ^''L,^Sm,k + a-^JjL ■ gm,k + b+Jt,n,k + b^^JjL ■ hm,k), 
m>0, 0<2k<e 

W2= (''8o,k8o,k + bg,^,ho^k), 

0<2k<e 

W3 = Y(ag^,oSm,0 + bl^^/mfi + b~_ JjL ■ hmfl), 
m>0 

R = bihofi, 

where g,„^k '■= P'^'^a'", hm,k '■= oc^P^gm,k, and a"^ ,b'^ ,ag,bg G Z with the additional 
condition that Z?i,Z?t,„ g {0, 1}, b'^„ G - b'^,,,, a^'n - b'^m + 1}, m > (these 
coefficients correspond to G-singular elements hmfl)- Here uniqueness follows from 
the equalities 

^~g ~ ^gO^g)^ — ^UL-gO^ijL-g)^ 

bg = EhiVh), b~ = eij^^.hiVij^-h), h ■= a^P'^g, 
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while Ug = eg(Vg) for bg = ShiVh) for W2; furthermore Z?+mod2 = ShiVh) 

and bj mod 2 = eiji^.h(Viji_-h) G ^2 for G-singular h = hmfl in Wt,,R, where e/, is 
defined similarly to the case of G-regular h, by reducing mod 2. 

Step 2 Observe that every summand of the sums Wi , VK2 , W3 has the form 

a^g + a^ijL ■ g + b^h + b^iji ■ h 

= a+g - a-(jL ■g + h + h-^) + b+h - b~(jL ■h+g + g~^) 
(66) = (a+ - b-)g + ib+ - a-)h - a-{h-' +7^ • g) - b'ig-' +ji • h\ 

where w_(g) = 1 and h := a^P^g. Here := , b^ := b^ for W^; := Ug, 
a- := 0, b+ := bg, b~ := for W2; a+ := Ug, a~ := 0, b^ := b^ for W3. 

Let us show that a'^ — b^ = b^ — , provided that L E Z is taken as in the 
condition (iii). Indeed, from the above formulae for , b"^ , we have that, for Wi and 
W2, 

a' -b' - - a') = a^ +a~ - {b^ + b~) 
= a'^ +aj - {b^ + bj) 
= eg(Vg) + Sih-gC^ih-g) - (eft(Vft) + eij,.hiVij,.h)) 

= Sg,LiVg,L) - £h,LiVh,L) 

= eg,L(Vg,L), 

see (62). Now, if L G Z is taken as in the condition (iii), then the latter expression 
vanishes, due to (ivo) or (iiii)- Similarly, for g = a'", m > 0, as in VK3, we obtain 
(b^ + bg — ttg) mod 2 = eg,L(Vg,L) = £ Z2, due to (62) and the second part of (iiia )■ 
Since b^ + b~ — ag {0, 1} , see above, we have ag = b'^ + bg . 

Since — b^ = b^ — , the expression (66) equals 

{a+-b-){l+a^p%-a-{\+a^f)'')h-^-b-{l+a^p''')jL ■ h = {\+a^(3^)Zg, 
where Zg := (a+ — b^)g — a^h^^ — b^ji ■ h. 

Step 3 For the remainder term R , observe that /jo,o = a^P^ = 1 + a^(3^ . This shows 
that every summand in the right-hand side of (65) is divisible (modulo ^) by 1 + a^f3^ . 
Hence it is also divisible by » since t = \n\. This means that V has the form (63) 

and therefore (22) admits a solution. 

Suppose that n is even and that V G Z[7r] satisfies (iiii ), or the first part of (ive). Put 

^ ■ — ^max ■ 
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Step 1 For every L G Z and for every polynomial V G Z[7r] satisfying (iiii ), there 
exists a (unique) presentation satisfying the following congruence modulo K: 

(67) V = U + Wi + W2 + W7,+R, 

where ?7 is a hnear combination of (1 — /3^")/z, h ^ it, while W\,W2,W},,R G Z[7r] 
have the form 

52n 



1 — j3 



m>0, 
0<2<:<^ 



1 — P^" 



0^ 

o<2k<e * '^^ 
1 - /32« 



m>0 

where g„,_^: := (3-^^ a'", h,n,k '■= Oi^P^gm.k, i^"^ i<^gibg G Z with the additional 
condition that <2^„ G {0, 1} (this coefficient corresponds to the G-singular elements 
p(2q+i)n^ q g jjej-g uniqueness follows from the equalities 

= EgiVg), ttg = Sjj^.giVij^.g), 

bg = EhiVh), bj = Eij^.hiVij^.h), h := a^/3^g, 

Sg{Vg) (as an equality modulo 2 if g = (3"), bg = £h{Vh) (observe 



that, for any g, as in VKi , M^2i > and for any ^ G Z, the elements are 
G-regular). Here go,n/2 = P" appears in the remainder term 7? (corresponding to the 
case k = m = 0), since the condition (iii i ), or the first part of (ive), poses no restriction 
to the coefficients of V at ^(2^+i)"^ q ^1,. Actually, V admits similar presentations, 
with the additional terms 

1 — /3^" 

Y^^^^i/^'O + ^~sji^ ■ ^-'0^ = ^ in W3, m > 0, 

1 - 

and 2 - ^^/ '^i + bihofi) = a^jS" inR, 

where the coefficients Z?^ ^, ai, bi are arbitrary integers. In the presentation (67), these 
terms are omitted, in order to have uniqueness. 

Step 2 Fix arbitrary g € tt, q € Z, denote g := f3^^'^g, g := h := a^P^g. 
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One easily observes 

ijt ■ g=ijL ■ g, h=a^(3^g=a^(3^g, iji ■ h=ijL ■ h=ijL ■ a^P^g, 

Hence, by applying to each summand of the sums Wi , W2 the arguments of Step 2 of 
the case of n odd, it follows that the condition (iiii), or the second part of (ive), implies 

^—^(a+g + a-ijL ■g + b+h + bJijL ■ h) = YZr^i^^ + "^^')^« = 7— Z^^«' 
for some Eg G Z[7r] , where g G tt as in Wi,W2. Therefore Wi + W2 = jE^iE, for 

Step 3 For the term W3 , we observe that 

1 - -nr _ 1 - p 

for some F E Z[7r] , due to Corollary 6.2(c). For the remainder term R, we observe that 

fin _ 1 — jp-" i^i_n 

due to Corollary 6.2(a). This shows that every summand of the right-hand side of (67) 
is divisible (modulo K) by ^_^Lpt ■ This means that V has the form (63), therefore (22) 
admits a solution. 

For the equation (42), the implication (iii) =^ (i) immediately follows from the case of 
the equation (22). □ 



Define the notions of a defective G-orbit and a defective G/, -orbit, similarly to the 
definition of a defective Gl -orbit, see above (60). Below we consider a set 5 as a 
subset of the abelian group ^[5] . 



Proposition 6.10 Suppose that v = u^^^ = Z^^" in the group 

vr = 7r_ = (a, /? I aPa(3~^), 

where n e Z \ {0}, m = /3^ = ^2' , s>0, £ = Cax > odd, n = Consider 
the corresponding actions (55), (56) of the groups G C Gl C Gl on tt . Then the 
orbits Oh, Oh,L, Oh,L, h tt, under these actions have the following form: 
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(A) For h = 0^1 qP , p,q e Z, one has 

Oh = {v'^h^^ \kez} = {^2?+2te^/' \kez}u {/3-2«+2*^"a -p\ke z}, 

Oh,L = {v'^h^^ \k£Z}U {v^a^P^h^^a^p-^ \ k £ Z} 
= {/32'?+2*^"aP \k€Z}U \ k £ Z} 

u {^2'?+2to^ -p\kez}u {;3-2?+2to^p \kez}, 

dh,L = {u^^h^^ \k(^Z}U {u^''{a^f3%'^^ \ k £ Z} 

= ({^2?+2/:£^p \kGZ}U {p-^i+^'^^a ~P\ke Z}) 

U {{p-^i-'+^'^'aP-^ \keZ}\J {p^^+^aP-^^ I k e Z}). 

(B) For h = p^'J+'^aP ,p,qeZ,one has 

Oh = {v'^h^^ \keZ} = {p^i+^+^'^'aP \ keZ]\J {^-^i-^+^^^qP \k£Z}, 

= {z^^'^+^+^fcn -p I G Z} U \k£Z} 

U {^2^+^+2*^"a ~P-'-^ \keZ}U {^-2?-£+2te^ -P-2L I ^ g 

Oh,L = W'''h^^ I A: G Z} U {i?-^{a^p-%'^^ \ k e Z} 

= {{P^'t+^+^^^aP \k^Z}\J {~p-^'t-^+^^^aP \k^Z}) 

U {{P^'i+^^^aP+^ I G Z} U {'p-^'i+^^^a ~P-^ \ k € Z}). 

(C) For any /t G F2 , iet us enumerate consecutively the subsets appearing in the above 
decompositions of the orbits Oh, Oh^i and Oh^i, thus the decompositions have the 
forms 

Oh = Sh,i u Sh,2, 

Oh,L = Sh,3 U Sh,4 U Sh,5 U Sh,6, 

C>h,L = {Sh,i U Sh,s) U {Sh,9 U Sh,\o)- 

Then, for any non-defective orbit, the restriction to this orbit of the corresponding 
twisted augmentation (based at h) sends Sh,2k+i — > 1, Sh,2k ^ — 1, see (59), (60) 
and (61). 

Proof The above presentations of the orbits Oh follow from Proposition 6.5 with 
e = — 1 , M = P^" . In other cases, the proof is similar to the proof of Proposition 6.5, 
using (54)-(57). □ 

Example 6.11 Let us investigate existence of non-faithful solutions of the equation (2') 
with V = BaB^-i, B = aPaP~^ , = — 1, see Section 3.3. Observe that this is a 
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"mixed" case (see Table 3) with v = 1 G7r,y = a + a^^ € Z[7r] , thus Pq{V) = G Q. 
This means that the first and the second derived equations (2i) and (22) admit solutions, 
see Section 5.3 and Lemma 5.2. However, we will use the method of Wicks [46] to show 
that the equation (2') does not admit non-faithful solutions. In more detail, consider the 
cyclically reduced word W obtained from the right-hand side vB~^v^^B = [v, fi^'] of 
the equation (2')- For each word Wi obtained from W by cyclic permutation, see below, 
we will find all presentations of this word in the form abca^^b^^c^^ due to Wicks, 
see [46]. We will observe that the corresponding "canonical" solutions {x,y) = {ab, cb) 
are faithful. This allows one to conclude that the equation (2') with v = BaB^-i , 
B = aPa/3~^ , ^? = — 1 has only faithful solutions. 

Here Wi = ViUi where [/,■, V,- are the subwords of W which are defined by the properties 
W = UiVi, \Ui\ = i, and = |?7,| + | V,| , where | • | means the length of the word. 
The cyclically reduced word W has the form 

and it has length 26. By a straightforward calculation, the words Wi,Wi+i3 with 
/ = 0, 1, 6,7, 8,9, 10, and only such, have the Wicks form abca^^b^^c^^ , or ded^^e~^ , 
with non-empty subwords a,b,c,d,e: 

W=Wo with{a,b,c) = {a, al3a(3~^ a'^ I3a(3-^ a, iSa^^p'^); 

Wi v/ith{a,b,c) = {al3aP~^a~^ Pa(3~^a, Pa~^P~^, a~^); 

We with{d,e) = {pap-\ aPa~^ p'^a'^a'^ pa'^ P'^a); 

Wj with{d,e) = (a, p'^aPa'^ p-^a~^a~^ pa~^ P'^ap); 

Ws with{d,e) = {p-^aPa-^p-^a'^a-^pa-^p-^ap, a"^); 

Wg with {d,e) = {aPa-^p-'^a-^a-'^Pa-^p-'^ a, Pa-'^P'^); 

WiQ with {a, b, c) = {pa-^p-\ a"\ a'^ Pa'^ p~^aPa~^^ P'^a'^). 

Here the Wicks form for the word W;+i3 is obtained from the Wicks form of Wj in the 
obvious way. 



Example 6.12 Similarly to Example 6.11, one can investigate existence of solutions 
of the equations (3') and (4') with v = BaB^-i, t9 = -1, where B = aPa~^ P~^ 
for (3'), while B = aPaP~^ for (4'), see Section 3.3. In this case, one considers the 
"non-orientable" forms abcbac"^ and a^bc^b~^ , due to Wicks [45]. 
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7 Tables for the "mixed" cases of Tables 2 and 3 

In this section, we summarize the main results of Sections 5 and 6 in two tables below. 
Table 4 deals with faithful solutions in the so called "mixed" case (4c) of Table 2, while 
Table 5 deals with non-faithful solutions in the "mixed" cases (2d), (3c), (4e) of Table 3, 
see Remark 3.16. Observe that d = —\, We(v) = 1 in all "mixed" cases. 

Specifically, we denote B = a[3a^'^ (5^^ G ^2 = (a, /3 I) and study the equation 

xyx-^y-^ = vB~^v'^B 

in the group A'^ = ((fi)) with two unknowns x ^ N , y ^ F2. A solution of this equation 
is called faithful if We(y) = 6 . The parameters e,6 G {1,-1} and the conjugation 
parameter v G f 2 of the equation are not arbitrary, but run through the following 
families, corresponding to the "mixed" cases, see Remark 3.16 and Definition 3.15: 

"Mixed" case for faithful solutions (case (4c) of Table 2): 

(4) 5 = e = -l,v = p^",neZ. 

"Mixed" cases for non-faithful solutions (cases (2d), (3c), (4e) of Table 3): 

(2) 5 = 1, e = -1, V = „ g Z; 

(3) S = -l,e = l,v = a^'"p^\m,n£Z- 

(4) 6 = e = -l,v = a^'"(3^'\m,n£Z. 

As above, v G vr denotes the class of v G F2 in vr = F2/N. In each of these four 
"mixed" cases, let us write the element v in the following canonical form: 

v = c^''YlBll, c = q'"/'^/?"/^ if |m| + |«| > 0, v = JjB^;ifm = « = 0; 
V = c^'^ JJs;;;, c = a'"/'^/?^"/^ if \m\ + > 0, v = '[[b'^- if m = « = 0; 

respectively, where n^"; = UUi^v'r ^' ^ ^2, m G Z, 5^, = v,Bvri, I <i <r, 
d = gcd(m, n) if \m\ + \n\ > 0. 

Denote Z = Z if 6 = I , Z = ^2 ii 6 = — I . Denote by m G vr = F2/N the image of 
M G F2 under the projection F2 —>■ it , by V Z[7r] the polynomial V = Yl'^i'^i ^ '^M^ 
and by V G Z[7r] either y' := y if 5 = 1 or V := V mod 2 if 5 = -1. Consider 
the actions on vr of the groups G C Gl C Gl, L G Z, in the first two "mixed" cases. 
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Case 


S 


e 


conditions on v 


faitliful solution (x, y) 


(4) a 








n = Q,pQ,(V')^0 


0(..„ 


b 








n€Z\ {0}, V does not 
satisfy (iv) of Remarks 6.9(A) 


0(iii) 


c 






V — 


w_(m) = — 1 


([m,B-'], 


d 






V = {al3f" 


nez 


([(a/3f",/3],/3)® 


e 






V = (q/3q/3"')"' 


W-(m) = — 1 


(1, uf 



Table 4: Mixed cases for faithful solutions of xyxy = vB-^v-^B where B = a/3a/3-\ 



Case 


S 


£ 


conditions on v 


non-faithful solution (x, y) 


(2) a 


+ 






/i = o,pe(V)/o 


0(.i.) 


b 








n G Z\{0}, Vdoes not 
satisfy (iv) of 6.9(A) 


0(.,„ 


c 








w-{u) = -\,k£Z 


(m2*(mB)-2',S-'m-')<'> 


d 






V = Bf3^" 


n e z 


((Q/3a)2"/3-'", /3'"(a/3a)' -'")*" 


e 






V = /3'S„ 




(Bi32^B^2B~I^B~l^2is-i, 
B-^B-'a^l3-T"^ 


f 






V = P^B^, 




0(ii)(iii) 


g 










0(ii) 


(3) a 




+ 






0(iii) 


b 








3gG 7r\d,,£,(V';)/0 


0(.,„ 


c 










([irS"',tr '],«"'), 
([m,S"'],5~'mS)<'' 


(4) a 








/v(^')/o 


0(iii) 


b 






V = c^'Tlfi'.v 




0(iii) 


c 






V = B'" 


m alj, vi'-(h) = 1 




d 








w_(m) = 1 


([m^B"',m"'],m"'), 
([w,B-'],S-'wS)<" 



Table 5: Mixed cases for non-faithful solutions of xyx ^y ' ^ vB 'v '5 where B — 
aPa-^P~^ and (due to Table 3) pk(v) = P^" in Case (2), pt(v) = d^"'P^" in Case (3), 
PKiv) — a^"'l3'^" in Case (4); if \m\ + |«| > in Case (3) or (4), one denotes d :— gcd(m, n) 
and c := a'"/''(3"^'' or c a>"/'' (3^-"/'' (respectively). 

'"'Direct calculation. 

'"'Using the Wicks forms (see Wicks [46], Vdovina [42, 44], Culler [8] and Example 6.11). 
'"''There is no solution of the second derived equation, see Theorems 5.10, 6.4, 6.8, and Remarks 6.9. 
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see (55) and (56), and the action of the group G in the remaining two "mixed" cases, 
see (52). Consider the corresponding orbits Og, Og^i, Og^i, and Og, g G vr, see 
Propositions 6.5 and 6.10. Consider the corresponding augmentations (or the twisted 
augmentations in the case of the equation (2) 



see (58), (59), (60), (61) and (53). Here g G vr as in (ive), (ivo) of Remarks 6.9(A) in 
the first two "mixed" cases, while g G vr \ Oi in the other two "mixed" cases. Consider 
the quotients Q and Q' as in (7) and (50), and the projections pQ : ^[vr] Q and 

PQ,: ^ e'- 

Many of the non-existence results in Tables 4 and 5 follow from the non-existence of a 
solution of the corresponding second derived equation, see Theorems 5.10, 6.4 and 6.8, 
and Remarks 6.9. 
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